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Abstract 



The complete, missing, Hamiltonian treatment of the standard 
SU(3)xSU(2)xU(l) model with Grassmann-valued fermion fields in the Higgs 
phase is given. We bypass the complications of the Hamiltonian theory in 
the Higgs phase, resulting from the spontaneous symmetry breaking with 
the Higgs mechanism, by studying the Hamiltonian formulation of the Higgs 
phase for the gauge equivalent Lagrangian in the unitary gauge. A canonical 
basis of Dirac's observables is found and the reduced physical Hamiltonian is 
evaluated. Its self-energy part is nonlocal for the electromagnetic and strong 
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interactions, but local for the weak ones. Therefore, the Fermi 4-fermion 
interaction reappears at the nonperturbative level. 
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I. INTRODUCTION 



In two previous papers (referred to as I and II) we made the complete canonical 
reduction of the Higgs model with fermions and with spontaneous symmetry breaking in 
the Abelian (I) and non-Abelian SU(2) (II) cases. In both cases there is an ambiguity in 
solving the Gauss law first class constraints, which refiects the existence of disjoint sectors of 
solutions of the Euler-Lagrange equations. While in the Abelian case there are two sectors 
of solutions, the electromagnetic and the Higgs phases, in the non-Abelian SU(2) case the 
sectors correspond to six phases, one of which is the Higgs phase and one to the SU(2)- 
symmetric phase [the remaining four phases have partially broken SU(2) symmetry and are 
not SU(2) covariant]. The Dirac observables and the physical Hamiltonians and Lagrangians 
of the Higgs phase have been found in both cases. In the Hamiltonian, the self-energy term 
turns out to be local, but not polynomial, and contains a local four-fermion interaction. 
Therefore, the nonrenormalizability of the unitary gauge (our method of canonical reduction 
is similar to it, but without the introduction of gauge-fixings) is confirmed. 

In this paper we will give a complete Hamiltonian formulation of the Higgs sector of the 
standard SU(3)xSU(2)xU(l) model of elementary particles with Grassmann-valued fermion 
fields together with its canonical reduction. Namely, using the results of Refs. and those 
of Ref. [0, we will find a complete set of canonical Dirac's observables and the reduced phys- 
ical Hamiltonian. This will be done in the case of a trivial principal SU(3)xSU(2)xU(l)- 
bundle (so that there are no monopole solutions) over a fixed x°, slice of a 3+1 de- 
composition of Minkowski spacetime, without never going to Euclidean space. Since the 
reduction is non covariant, the next step will be to covariantize the results by reformulating 
the theory on spacelike hypersurfaces foliating Minkowski spacetime and, then, by restrict- 
ing the description to the Wigner hyperplanes orthogonal to the total 4-momentum of the 
system (assumed timelike). In this way the standard model will be described in the "co- 
variant relativistic rest-frame instant form" of the dynamics, which was defined in Ref. [^,^ 
for the system of N charged scalar particles (with Grassmann-valued electric charges) plus 
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the electromagnetic field [for this system one found the Dirac's observables, the physical 
Hamiltonian with the Coulomb potential extracted from field theory (with the Coulomb 
self-energies regularized by the property = of the Grassmann- valued electric charges), 
the second order equations of motion for the field and the particles and the Lienard-Wiechert 
potentials] . In this form of the dynamics there is a universal breaking of Lorentz covariance 
connected with the description of the center of mass of the isolated system, but all the other 
variables have Wigner covariance. This implies that the relative dynamics with respect to 
the center of mass on the Wigner hyperplane is naturally "Euclidean": under a Lorentz 
transformation the hyperplane is rotated in Minkowski spacetime (and the canonical center 
of mass transforms noncovariantly like the Newton- Wigner position operator, i.e. it has 
only the rotational covariance implied by the little group of massive Poincare representa- 
tions), but the relative Wigner-covariant variables inside it only feel induced Wigner SO (3) 
rotations. The Wigner hyperplane seems to be the natural candidate to solve the Lorentz 
covariance problem of lattice gauge theory. It is also possible to formulate covariant 1-time 
relativistic statistical mechanics on this hyperplane 

Moreover, the noncovariance of the center of mass identifies a classical unit of lenght 
(the M0ller radius p = V-W^/cP^ = \S\/cy/P^) to be used ultraviolet cutoff in a 
future attempt to quantize these nonlocal and nonpolynomial reduced field theories. In 
Ref. the results of Ref. @] were extended to N scalar particles with Grassmann-valued 
color charges plus the SU(3) color Yang- Mills field (pseudoclassical relativistic scalar-quark 
model). The Dirac observables, the physical Hamiltonian with the interquark potential and 
the second order equations of motion for both the field and the particles have been found. 
In the N=2 (meson) case, a form of the requirement of having only color singlets, suitable 
for a field-independent quark model, implies a "pseudoclassical asymptotic freedom" and a 
regularization of the quark self-energies. To reformulate the standard model in this way, one 
needs the completion of the description of Dirac and chiral fields and of spinning particles on 
spacelike hypersurfaces |^ by adapting the method of Refs. for the canonical description 
of fermion fields in curved spacetimes to spacelike hypersurfaces in Minkowski spacetime. 
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See Refs. for a review of the full research program and of its achievements till now. 

To apply the results of Ref. 0, we must assume that the SU(3) gauge potentials and 
gauge transformations belong to a suitable weigthed Sobolev space |l^|Tl|], so that any form 
of Gribov ambiguity is absent. Instead, it is not necessary that the SU(2)xU(l) gauge poten- 
tials and gauge transformations belong to the same special spaces, because the Hamiltonian 
reduction associated with the Gauss laws is purely algebraic and does not require to solve 
elliptic equations as in the case of the Gauss laws of SU(3). However, if one wishes to have 
homogeneous Hamiltonian boundary conditions for the various fields [and also to have the 
possibility to try to make the reduction also of the other non-Higgs phases] , one has to work 
in those special spaces for the whole SU(3)xSU(2)xU(l). 

In Section II a review of the standard SU(3)xSU(2)xU(l) model is given to fix the 
notations. 

In Section HI we give the Lagrangian density in the unitary gauge and we introduce the 
mass eigenstates for the fermions. 

In Section IV we give the Euler-Lagrange equations, the Hamiltonian and the primary 
and secondary constraints. Also the energy-momentum tensor and the Hamiltonian bound- 
ary conditions for the standard model are given. At the end of the Section we show that, if 
we try to reformulate the Hamiltonian theory in terms of the vector boson fields rather than 
in terms of the original gauge fields, the constraints change nature and the theory becomes 
extremely complicated. 

Therefore, in Section V we study the Hamiltonian formulation of the Lagrangian in the 
unitary gauge. Now we get only primary and secondary constraints, with those referring to 
the vector boson being of second class. 

In Section VI we find the electromagnetic and color Dirac observables. 

In Section VII a canonical basis of Dirac observables of the standard model is found 
and the physical reduced Hamiltonian is given. Its self-energy part is nonlocal for the 
electromagnetic and strong interactions, but local for the weak ones. Therefore, the Fermi 
4-fermions interaction reappears at the nonperturbative level. 
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Finally, in Section VIII we evaluate the physical Hamilton equations. 
In the Conclusions some remarks are made. 



II. THE LAGRANGIAN OF THE STANDARD MODEL 

In this Section we shall make a brief review of the standard SU(3)xSU(2)xU(l) model 
to fix the notations. 

The standard model is described by the following Lagrangian density |T2| [see also Refs. 



y 

2 , 



+ [Df'^^^(P{x)]^D^^^^^^'(P{x) - \{(P\x)(P{x) - (Pi 
+ V^S(x)27^(9^ + Wa,{x)T:, + i;(x)F^)V^g(x) + 

+ i,^,{x)ir{d, + v;(x)y^)^S(x) + 

(Po (Po 

+ ^Piiix)trid, + Wa,ix)T: + V,ix)Y^ + GA^(x)T/)4f (x) + 
+ ^^^.ix)tYid, + V,ix)Y^ + GA,{x)T^)i'^i{x) + 

+ . ~^Mifi.%{x) + ^S(x)Mr ^ ■ ^g(-) + 

= + Ga,{x)JU^) + V,J^^{x) + Wa,{x)JU^), 



JySx) = ij^lix)rtY^i;ilix) + V^S(x)7'^^F^V^S(x) + V^t?(x)7^^n,V^i?(x) + 

JUx) = V^?](x)7'^^T>«(x) + ^i?(x)7'^^T>if (x). (1) 
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The fields GAi^ix) = gsGA/^ix) [A=l,.,8], Wa^ix) = y^W^a^(x) [a=l,2,3] and V^{x) = 
gyVfj,{x) are the SU(3), SU(2) and U(l) gauge potentials respectively; here gs,gw and gy 
are the associated strong (color), weak isospin and weak hypercharge coupling constants. 
The generators of the Lie algebras su(3) of color [G^ = Ga^T^] and su(2) of weak isospin 
[Wfj, = Wa^f^] in the adjoint representation [8-dimensional for SU(3) and 3-dimensional for 
SU(2)] and of the Lie algebra u(l) of weak hypercharge are [cabc are the SU(3) totally 
antisymmetric structure constants] 

Tf = - ff\ {Tf)BC = Cabc, [Tf, ff] = cabcT^ , 

-'-w -'-w ' K-'-w/bc fcabc) [-'-wi -'-wl ^abc-'-wi 

= ~y = -iY. (2) 
The field strengths and the covariant derivatives associated with Ga^, Wa^, are 

Gaij.u{x) = d/^GAuix) - d^GAiji{x) CABcGBii.{x)Gcv{x), 
Wa„v{x) = df,Wau{x) - d^Waf,{x) + eabcWbf,{x)Wcuix) , 

Vf,u{x) = d^V^{x) - d^V^{x), 



{dP)ac = SAcd/j. + cabcGbh = {d^ - Gu,)ac, 

D^P^d, + V,Y^, (3) 

and the gauge transformations are defined as [Gfj,v — Ga,j,vT^, W^i, — Wafi^T^] 

G^{x) ^ G'iix) = Uj\x)G^{x)Us{x) + U:\x)d^Us{x) = 

= G^{x) + U:\x) {d,Us{x) + [G,{x), Us{x)]), 
W^m(^) ^ Ki^) = U-\x)Wi,{x)U^{x) + U-\x)d^U^{x) = 
= W^{x) + U-\x) (d^UUx) + [W^{x), U^{x)]), 
V^{x)Y^ ^ V^{x)Y^ = V^{x)Y^ + U-\x)d^Uy{x) = [V^{x) + d^ky{x)]Y^, 
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GA^) ^ G^'lx) = U;\x)G^,{x)Usix) = G^^ix) + U;\x) [G^,{x), 



W^,{x) 



Wl!,ix) = U-\x)W^,ix)UM = W^uix) + [W^,ix), UUx)], 



(4) 



Here Us, U^, Uy = e^"^™ are the realizations in the adjoint representation of the SU(3), SU(2) 
and U(l) gauge transformations respectively. 

The last term in Eq. (|1]) is the topological ^-term [it is the source of strong CP- violation, 
whose experimental absence requires 9 < 2 ■ 10^^°]; in it *G'^ = \e^^^f^GAai3 is the dual 
field strength (* is the Hodge star operator) and one has GAfj.u*G'^ = —\Ea ■ Ba = 

d^e^^"'^^ {G AvG Aa(3 — ^CaBcG AuG BaGcis) ■ 

The field is a complex Higgs field in the fundamental doublet representation of the 
weak isospin SU(2) 



(f){x) 



4>o{x) 



( 



J 



\ 



( 



+ ^,H{x) j 

I 

[x) = (f)'{x) = 2iTl(t)*{x) = iT^(f)*{x) = 



7=2 





V + Hix 



J 



V 



(5) 



-0-{x) = 

where the lower subscript of the components denotes the electric charge. The field (f)'^ is the 
charge conjugate of the Higgs field. The su(2) generators in the doublet representation are 
[r° are the Pauli matrices] 



= -i — 
2 ' 



rparpb I rpb rpa 

w w ' w w 2 



ab 



(6) 



If Uui is the realization of the SU(2) gauge transformations in the doublet representation 



and = WanTl, W^^ = WauuT^, then in analogy with Eqs.® one has 



u 



The constant 0o = <P*o appearing in the Higgs potential V{(f)) = —A 
the three phases 6a{x) parametrize the absolute minima (f)'^(j) = (Pl of ^(0)- the quantum 



o)^ is real; 
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level < (f) >— 0o 7^ is the gauge not-invariant formulation of symmetry breaking. The 
covariant derivative of the Higgs field and their gauge transformations are 

cPix) ^ = U-'{x)U;\x)cl>ix). (7) 

The relation between the fields V^, VFa^, and the electromagnetic, A^, and neutral vector 
boson, Z^, fields is 

V/^ = gy% = gy[-sin 9yjZ^ + cos OyjA^] = A^-tg O^Z^, 
= gwWsi^ = gw[cos O^Z^ + sin OyjA,^] = + cot 9yjZ^,, 



A^ = eA^ = e[cos 9j/^j, + sin 9yjW2,fi] 



1 



-\9lV,-rglW^;[. 



9l+9y 

Z^ = cZ^ = c[-sine^V^ + cose^W^^] = -l^{w^^ - V^). 



"w ^ H 



(8) 



9l + 9l 

Here 9^, is the Weinberg angle and e is the unit of electric charge; their relation to the 
original coupling constants gwigy is 

j.^n _ 9y 9u>gy 



9u 



9l + 9y' 



9y = 



cos 9w 

The charged vector boson fields are 



sin 9n 



(9) 
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Wa^j:, + V^Y^ = W+;r~ + iy_^T+ + A^{Tl + F^) + Z^(cot 9^Tl - tg 9^Y^) 



^ l{^ + y)\ + \{cot9y, -ytg9^)Z^, 



—I 



V 



\{-^ + y)\- ^{cot9yj + ytg9y,)Z^ ^ 



(10) 



The last line of this equation defines the electric Qem — i{T^ + Yw) — \ 

( 



^1 + 1/ ^ 



cot Oy, - ytg 9^ 







V -l + y) 
\ 

charge 



J 



and neutral Qz = i{cot9wT^ — tgOy,Yw) = \ 

^ —cot 6w — ytg 6^ 

generators for the doublet SU(2) representation [in the singlet SU(2) representation one has 

Qem = iYw = \y = y and Qz = -itgOyjYy, = -\tg6wy and V^jXw = -iQem^ti - iQzZfj, 
-{y{A^-tg9^Z^)\ 

Qem = i{T^ + Y^) = l(r3 + y) = ir^ + Y, 

Qz = i{cot e^Tl - tg O^Y^) = ^{cot O^r^ - tg O^y), 



iTl = sin6yj{sin6yjQem + cosOyjQz), 



iYy, = cos 9y,{cos 9y,Qem - sin 9^Qz)- 
For the Higgs field (f) = 



(11) 



\' J 



:Q2 



y0o ; 



1 



sin 26u 



one has the assignements Y — \ [y=l] and Qe 



The Grassmann- valued fermion fields '0.*^?a(^) represent leptons and quarks re- 

spectively; q; is a spinor index, while the index i— 1,2,3, denotes the families. The fields 
i^Liaai^), i^RiM deuotc left and right fields = |(1 -75)^,^i? = |(1 +75)V^,V^l = 
1-0(1 + 75),'0ii = 1-0(1 - 75),'0'0 = + V'iiV'L,'07'''0 = ipL^^i^L + 'i/^R't^ipR]- the Mt 

fields belong to the doublet representation of the weak isospin SU(2), while the right ones 
are SU(2) singlets. The quark fields 'ipLiAaa{^)^'^RiAai^) ^^^'^ belong to the fundamental 
triplet representation of the color SU(3), whose generators are [A^^ are the 3x3 Gell-Mann 
matrices; dABC are totally symmetric coefficients] 

Tf = -i A^, Tr A^A^ = 2Sab, cabcT^T^ = ^T/, 



[T/, Tf] = CABcT^, TfTf + TfTf = -^Sab - idABcT^ , 
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^(T/),,(T/),, = habScd - (a, h,c,d= 1, 2, 3). (12) 

A Z 

The SU(3) Casimirs for a representation R, namely C2(i?) = Ea[7;^(^)]^ and C^iR) = 
EABcTf{R)T^^{R)T^{R), have the values C2(3) = |, C3(3) = f for the triplet (R=3) and 
(^2(8) = 3, Cs{8) — 0, for the adjoint (R=8) representations respectively. 

The covariant derivatives and gauge transformations [C/^, Ug are their realizations in 
the SU(2) doublet and SU(3) triplet representations respectively] of the fermion fields are 

D^i^Si'tlB = [^AB{d, + V,Y^) + same for 



• V^S"" = U;'U;'ij'i}, same for V^g. 



(13) 



The known leptons [electron, muon, tau and the associated massless left neutrinos (right 
ones are absent)] and quarks [six flavours: up, down, charme, strange, top, bottom, each one 
with three color components] are described by the following fermion fields (weak interaction 
or gauge eigenstates) 



V'g(^) 



( i \\ 



J 



(0, 



tAx) 



V'g(^) 



ul[x) ' 
diix) 



cl[x) ' 



sl[x] 



V'S(^) 



^L(a:)^ 



6l(x) 
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i^Rii^) = ur{x), ^PrI{x) = cr{x), i^mix) = tnix), 

^mi^) = dnix), = sr{x), ^^^l{x) = bnix). (14) 

The charge assignements for quarks are 

1 



( l^eL l^/iL ^tL 

( dR fiR Tr 

( Ul Cl ti 

( dL Sl &L 
{ur Cr tR 



Qem 


= 0, 


Y 


= -\ [y = 


-1], 


Qz 


Qem 


-1, 


Y -- 


= -\ [y = - 


-1], 


Qz 


Qem 


-1, 


Y 


= -\ \y = - 


-2], 


Qz 


Qem 


2 

3' 


Y = 


\ [^=^]' 


Qz 


1 - 


Qem 


1 

"3' 


Y 


= \ [^=^] 


Q 


z — - 


Qem 


CM Ico 


Y = 


2 4 

3 ^^=3^' 


Qz 


3 


Qem 


1 

"3' 


Y 


= -\ \V = 


-1^ 


Qz 



sin 29u) ' 
-1 + 2sin^ 9^ 

sin 26w 
2sin^ 6w 

sin 29u) ' 



sin 26. 



sin 26,,, ' 



-1 + fsin^ 6^ 



( \ v_lr_2i ^ _2sin'6^ 

{dRSRhR): Qem---, Y--- [I/--3J, (15) 

Due to Eq.(|lO|), Eqs.(|), (0) and (|13D imply 

{b^P)ab = [d, - W^,f- - W^,f+ - (A, + cot6^Z,)f^U 
D^P = = + (^M - i9 O^Z^)Y^, 

DfaP = [d, + W+,T- + iy_^T+ - iQ^mA, - iQzZ.U 
{wy,G) _ r r,(w,v) 



^fiABab — "ABJ-^f,ab + Oab['~^ii)AB 
^fMAB 



Dpf = SabD^ + {G,)ab. (16) 



The Lagrangian density (|T]) has the following form in terms of the fields = eA^, 
= eZ^, W±fj, = ^.^g W±^ [we define the following "Abelian" field strengths: A^j^iy = 
d,A, - d,A^, V = d,z, - d,Z^, = d^W^, - d,W^^\ 

t{x) = -^Gr(a;)G^,.(x) - ^^A^'^{x)A,,{x) - ^^Z^'^{x)Z,^{x) - 

+ ze[Wr(a;)iy_^(x) - yV^^ {x)W ^ ^{x)\\A,{x) + cot6,,Z,{x)\ + 
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+ '-^^^[Wl{x)W^_{x) - {W^{x) ■ W_{x)f] - 
_ sirlp^ ^ cote^Z{x)YW+{x) ■ W.{x) + 

+ T^W+ix) ■ \Aix) + cot9^Zix)]W(x) ■ \Aix) + cotO^Zix)] + 

+ [{d, + (M^+;.(2;)r- + - iQem>lM(^) - Z,{x))ct>{x)]^ ■ 

■ [{d'^ + {W!^{x)T- + W^i^(x)T+) - iQemA'^ix) - iQzZ^{x))4>{x)] - 

-x{<t>^{x)cf>{x)-<t>ir+ 

+ iljil{x)iY[d^ + {W+^.{x)T- + W_,{x)T+) - 

- iQemA^ix) - iQzZi^{x)]ijjll{x) + 

(Po (Po 

+ i^^^}{x)iY[d^ + (Wt{x)T- + W^:(x)T+) - 

- iQemA^ix) - iQzZ^ix) + GA;,(x)T^]jjj^^(x) + 

+ i^Rh^)^r[d, + {A,{x) - tg9^Z,{x))Y^ + GA,{x)Tf]^^^k^) + 
+ ^2(x)i7l9^ + {A,{x) - tge^Z,{x))Y^ + GA,{x)T^\i^^^^{x) + 
+ ^g(^) • '^Mif^l:%{x) + Mx)M\f^ ■ V^g(x) + 

+ ^if (x) . ~^Mlfi.%ix) + '^t{-)M\f^ . + 

= + GAn{x)J'^Ai.x) + ^M(a;)jfem)(^) + ^ ^,{,x)]'^j^c^{x) + 

+ 4^(^)7^^>;,^1^H^) + ^L1(^)7^^n.^S.^(^), 
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j{NC) (^) 



cot 9^ J^3(x) - tg 9^ J^^ (x) = 

^tl{x)YQz^tl{x)-tg9^^^;^,{xh^zY^^^^^^^^ - 



•^(CC)t' 



-7(9) 



tg9^^'i^{x)r^Y^^'i>{x) - tg 9^tlj'^:{x)Y^Y^tP^^}{x) 



[alternative notation j^^^^ = j^cc)- ' fiCH) = 3{ccy 



(17) 



As a consequence of the spontaneous symmetry breaking with the Higgs mechanism, 
one can make a field-dependent SU(2) gauge transformation U^\x) = e^"^^^'^^, U^\x) = 
^9a{x)T^^ to the (not renormahzable) "unitary gauge" where the original SU (3) x SU{2) x f/(l) 
gauge symmetry is broken to SU{3) x Uem{^) describing the remaining massless color and 
electromagnetic interactions. The explicit action of this gauge transformation is 

/ . \ 







1 

72 



{x)^(f)'{x) = Uj!!^^\x)(l){x) 

\ ^o + ^,H{x 

Wa,{x)n - W:^{x)T:, = e-'^^^^^^{W,,{x)Tt + d^)e'^^^^^^ 
i^ilix)^^pS\x) = Ui'^'\x)^lj1lix), 

Alix) ^ 4f (x) = f/r-^(x)^i?(x). 





V + Hix 



I 



(18) 



III. THE LAGRANGIAN DENSITY IN THE UNITARY GAUGE 

Since the Lagrangian density (|ID is invariant under this field-dependent SU(2) gauge 
transformation, we can rewrite it in terms of the new fields (j) (or H), W'^^, tpi} , tp^} , and 
of the not trasformed ones Gau, V^, ipRi^ "^nh '^'m- The new Lagrangian density does not 
depend on the three would-be Goldstone bosons 9a{x), which are absorbed to generate the 
mass terms for the vector bosons W^^, Z'^, but not for the electromagnetic field A'^ [Z'^ and 
A'^ are obtained from Eq.(||) with W^^]. 

One gets 
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r,{w ,v)^ 



[£,(»'',V)^']f^(H''.V)^^' = 

= \b,es^e + + + —^E)\ (19) 

where = -\/20o) 

= 't;V2A = 20o\/A, m^y = ^-ugf^ = -^(poQw, rnz = = "i^oA/s'^ + 5'«> 

^ ^.^ ^/o^^^ 5m2g^mz ^ 1 e'^g ^ e'^lf .20) 

where Gp is the Fermi constant. Therefore gi^^, ^ are replaced by e, 6*^, [or G^;'], m^, m^/, 
while mw — mzcosOw is a derived quantity {mz is known with a better accuracy); exper- 
imentally one has a"^ = {e^/Any^ = 137.0359895 ± 0.0000061 [in Heaviside-Lorentz units 
and with ^ = c = 1, so that e is adimensional] , Gp — ^^^2 = ^^^^2 = (1.16639 ± 
0.00002) X lO-^Gey-^ l/(293G'ey)^ sin'^ 6^ = 0.23, mz = (91.1884 ± 0.0022)^6^, 
niH > 65.1G'ey(95CL), so that niw — (80.26 ± 0.16)Gey [mw — mzcosdy, only at the tree 
level; radiative corrections give a six percent contribution], < 4> >= (po — — 2^/^]/Gf ~ 
2m.221GeV, and, if p = m^/mlcos^ = 1, p - 1 = Ap = (4.1 ± 1.55) x 10"^ 

Let us remark that the range of the electromagnetic force is infinite since the electro- 
magnetic field remains massless; at the quantum level the renormalized electromagnetic 
couphng constant is a{r) — a/{l — ■^log{l + ^^^)) {me is the electron mass), so that 
a{r) ~ q; if r is much higher of the electron Compton wavelength (r >> %/mec) and 
a{r) — >■ 00 if one probes distances r ~ ~ 10~^°'^m. Instead for the strong 
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color force, where as = qI/^t^ is the couphng constant, the QCD renormahzation gives 
Cis{r) = — ^Nf)log^ {Nj = 6 and Nc = 3 are the number of quark flavours and 

colors respectively; ^ 0.2 — O.SGev is the hadronic color energy scale); foiNf = 6 < 33/2 
the sign in the denominator is opposite to the electromagnetic one, so that for r — > one has 
the "asymptotic freedom" of quarks as{r) 0, while as{r) oo (breakdown of QCD per- 
turbative expansion) for r ^ = ^ ^ lO^^^m (the range of strong color interactions) sig- 
nalling the confinement of quarks and gluons. The range of weak interactions is determined 
by the Compton wavelength of the W vector boson, = ^ 2.5 X lO^^^m.. For com- 
parison the distance at which the standard description of the (infinite range) gravitational 



interaction is supposed to break down is the Planck length Rp = = 1-616 10^^^ cm., 

where Gat is the Newton constant. 

After the field-dependent SU(2) gauge transformation U^\x), the gauge invariant La- 



grangian density (g) becomes [remember that A'^ = eA'^, Z'^ = eZ^, W^^ = ^-^W'^^, 

in the terms 



^/^ = ^^^/^' "^w = mzC0s9^, and that (p = ir'^cp = 
-\W'rK^.u - IV^^'V^. Eqs.(ll), have been used] 



V / 



C\x) = -±G>:,^{x)Ga,A^) - \a'^'^{x)A'^,{x) - \z'^^{x)Z'^Ax) - 



2 



+ [ml,W^^{x)W_^{x) + -mlZ^{x)Z^{x)]{l + H{x)f + 

+ %e{X^'''{x) + cote^z>(x))iy;^(x)iy:,(x) + 

+ ie[W'r{x)W'^^{x) - W'j'''{x)W'_^^{x)]{X^{x) + cote^Z'^{x)) + 

- e^A'^ix) + cote^Z'^'{x)){A'^{x) + cote^Zl{x))W'_^{x) ■ W'_{x) + 
+ e^W'l{x){A'^{x) + cotd^Z'^{x)) W'^{x){X^{x) + cote^Z'^{x)) + 
+ \d,Hix)d^Hix) - \mlH^x)il + ^-^H^x)? + 

smu,,, ^ ^ 
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- ieQemA'i,(x) - ieQzZ'^(x)]ijjf}'{x) + 

+ ^|;^^,{x)^r[^, + e{A^{x) - tg e^Z'^{x))Y^]^|;^;^,{x) + 



+ (1 + 



sin 29wmz 



H{x)) 



M^VS(a^) + ^S(a^)M,f ( 1 ) ■ + 



Ov ft y^yj 

- ieQemA'^ix) - ieQzZ'^ix) + GA,{x)Tf]^'fl' (x) + 

+ ^'ih^)^n9, + e{A'^{x) - tge^Z'^{x))Y^ + G^^(a;)T/]^g(a;) + 

+ im{^W% + e(i;(x) - tge^Z'^{x))Y^ + GAMTf]i^'i{x) + 



+ + - 



sin 26wmz 



■H{x)) 



^1^ 



+ i^'i{x)Mlf ( 1 ) • V'g'(x) + 



-~{<l) 



= .... + Ga^{x)J'^j^{x) + ei^(x)jj^^)(x) + eZ^(x)jJj;^)(x) + 



+ 



sm 



JiL)i^) = i^'S\x)rQerni^?I\x)+i^'$,ix)riY^i^'$,ix)+i^^^^ + 

Ji^NC) (^) = i^u {^)l^Qz^f- {x) - tg e^i^^Si Wiyv,^^S^ (^) + V^if WQz^^Sl' (^) - 
- ^^Mg(x)7'^^F^V^S(x) - tgdj'^^,{x)riY^^P^i{x), 

l^cnix) = V;gV)7''irjVg'(^) + i^^Sl\x)l^ini^W{x). (21) 
The complete set of fermionic currents is [these equations define the currents and 
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LaJo ^ IX) 



-sin e^j^^ {x) + cos 9^i^^{x), 



(22) 



One can also present the following quartic terms in a different way: 

-e2(i>(x) + cotey,Z'i'(x))(A'^(x) + cotey,Z'^(x))W'_^(x) ■ W'_(x) + e'^w'+^(x){A'^(x) + 

cot 6^ Zl (x) ) W'j' (x) {A'^ (x) + cot 0^Zl{x)) = -e^A'^ (x) (x) ■ W'_ (x) -W'4x)-A'{x)W'_{x)- 

A' {x) + cot^ {x) W'^ {x) ■ W'_ {x) - W'^ {x) ■ Z' {x) W'_ {x) ■ Z' {x) ) + cot 9^ {2A' {x) ■ Z' {x) - 

W'4x) ■ A'{x)W'_ix) ■ Z'{x)) - • Z'{x)W'_ix) ■ A'{x))}. 

It can be shown that in the unitary gauge the complex mass matrices containing the 

Yukawa couplings (replacing the not-gauge-invariant Dirac mass terms) can be diagonalized 



by means of unitary left and right matrices [-S'^^^^ = Sl% ^. 



Am 



+ - 



sin 29y]mz 



H{xm^;{x 



^(0 



(Ot 
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^m. ^ ( ^^-^ 



= + - 



sin 29u,mz 



H{xm e^-\x) p.^-\x) f'r\x) 



— (m) I \ — (m) / 



^m. ^ 



+ (e-r(x) /i^W f^w) 



V 







m, 







m, 



(»") / \ 



= + - 



sin 29wmz 



i/(a;))[mee(™)(a;)e("^)(a;) + m/,/x('")(a;)/x("^)(a;) + m,f(™)(a;)r("^)(a;)] 



(1 + 



+4f (x 



sin 29y,mz 



H(x))[<l,'-S (x) 



-t(?) 



(9)t 



■,(9)'/ 



I 



(1 + 



sin 2Q^mz 



^(^))[ 4™^^) '^t\x) 



ut\x) ct\x) t\x) 



(m), 



m„ 
mc 
^0 mt ^ 

ma 
m, 
mt 



u 



(m 
R 

(m 



,(m 

(m 



+ [ut\x) ct\x) t^^\x) 



m„ 



m, 



, (m 



V 



mt 



(m 



(m 

Cl 

Am 



-i/(a;))[mdC^("')(a;)d(™)(a;) + m,s 



V 

(x) 

(x) 
(x) 

(x) 

(x) 

(x) 

(,x) 

(x) 
(x) 



ma 
m, 
mb 

+ 



^ ^dPix) 

s^-\x) 



bPix) 



+ 



+ 



sin 29yjmz 

+m„fz("*)(x)ii("*)(x) +mec("^)(x)c("^)(x) +mti<"*)(x)t("^)(x)], 



x)s^'^\x) + mj)^'^\x)h'^'^\x) + 



(23) 
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where the mass eigenstates of leptons and quarks are defined by 



/ (m 
(m 
(m 

yrl ■ 



(rn 



U 



{rri 



\ 



(m 



Am 



\ 



^(.)t 



s 



J 



( ' \ 



( > \ 



(m) 



s 



(Ot 



dm) 



S 



U 



-,{"0 



Am) 



5 



dR 



sr 
( \ 

Ur 
Cr 



/ (m) \ 

(m) 
,,(»») 



^(Ot 



V. 



eL 



(24) 



The parameters mejm^jmT-jmdjmsjrnbjmujrricjrrit [m,^^ — m,^^ — m,^^ — 0], are called 
lepton and "current" quark masses. For leptons they coincide with the asymptotic free (on- 
shell) states, which however do not exist for quarks according to the confinement hypothesis. 
For quarks, at the quantum level, these parameters are thought to be running with the 



renormalization scale, rriqdj,), usually in the MS renormalization scheme; for the light quarks 
u, d, s, one chooses /i — IGev, while for c and b one can choose uig — mq{ii — ruq) due 
to perturbative QCD {mt is still a preliminary result). The chiral symmetry properties 
of u, d, s, allow to fix in a scale independent way (QCD does not feel flavour) the ratios 
2ms/ {p^d + i^u) — 22.6 ± 3.3, (m^ — mu)/{md + m^) — 0.25 ± 0.04. For heavy quarks one 
can define the mass m^"'^ associated with a perturbative quark propagator (a kinematical 
on-sheU mass like for leptons), m^°''^ = mg{^ = m^°^^)[l + -^as{m^"''^)+){a'j.)] (note that 



m 



pole 



mt{^JL — mt) — IGev). For the study of light hadrons (bound states of quarks) one 



uses also the "constituent" quark masses, m^°"** — rUq -\- Kg/ , since Ag gives the order of 

magnitude of the quark kinetic energy; in this way, even if one sends to zero the current mass 



, const 



of u, d, s, quarks, one still has for the proton and the neutron rup ~ 2m'^ + m] 
The experimental values of the lepton and current quark masses are 

me = (0.51099906 ± 0.00000015)Me\/, m^ = (105.658389 ± 0.000034)Me\/, 



rrir, 
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rrir = (1777.0 ± 0.3)MeV, 

m^^ < 7.0e1/(95CL), m^,^ < 0.27MeV{90CL), m^^ < 2AMeV{95CL), 
rridilGeV) = (8.5 ± 2.5)MeV, m,(lGeV) = (180 ± 25)MeV, 
nib = (4.25 ± 0.10)GeV, mu{lGev) = (5.0 ± 2.5)MeV, 
= (1.25 ± 0.05)Ge1/, nit = (175 ± 6)GeV. 



(25) 



Finally, by using the mass eigenstates, the unitary gauge Lagrangian density (|2lD be- 



comes 



>C'(x) = -^,G'X'{x)GaM - \a'^'^{x)A'^^{x) - \z'^^{x)Z'^^{x) 



+ [mlW^^{x)W_^{x) + -mlZ^{x)Z^{x)]{l + — — 

^ 2 ^ sm20wmz 

+ ze{A'>'''{x) + cot9^Z'''''{x))W'^^{x)W'_^{x) + 

+ ^e[iy^"(x)iy:^(x)iyl^'^(x)iy;^(x)](iUa;) + cote^Zlix)) + 



H{x)f + 



+ 



2sm2 On 



■[W'^{x)W'_^{x) - {W'^{x) ■ W'_{x)f 



e\A^{x) + cote^Z ^'{x)){A (x) + cote,,Z {x))W^{x) ■W^{x) + 



+ e^W+^{x){XAx) + cotd^Z'Jx)) W'^{x){A^{x) + cot^^Z;(a;)) + 



+ -d^H{x)d^H{x) - -mjjH\x){l + 



-H{x)f 



2sin 2dyjmz 



+ ( i/('")(x) ujT'Kx) 4™)(x) ) il^df,^{l - 75) 



\x) 



+ e(™)(x) /i(™)(x) r("^)(x) 



^m, ^ ^ 



[z7'^9^ + (1 + 



sin 29yjmz 
+ ( m(™)(x) c(")(x) t(™)(x) 



i/(x)) 











e(™)(x) 
/i('")(x) 
r('")(x) 
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^ m„ ^ 



[i^d^ + (1 



sin 29y,mz 

+ ( (i("^)(a;) 6("^)(a;) 







^ mt ^ 







[i^d^ + (1 + — 



m, 



sin 29^m,z 

y rrib J 

Ol ft y^yj 



s(™)(a;) 



+ 



(26) 



with the electromagnetic, neutral, charge changing and strong currents defined by the fol- 
lowing equations 



/ 



^'(em) (^) 



V 



+ 



+^ ( s(™)(x) ) Y 



^ ( c("^)(a;) ) 1^ 



h^'^\x) 



V 



t^'^\x) 



) 



I 



vt\x) vt'\^) '^^H^) ) J'^ 



+ 



22 



+ I e("^)(a;) ji^'^^x) f^''^\x) 



+ I u^^'^x) c('")(a;) t^^'^x) 



+ ( dH{x) 



sin 26w 








sin 29 w 




{Isiv? 0^ - \)Y - 




sin 26 yj 



H^'^^x) 

yT^'^\x) 



u 



+ 



Jm 



)(x) 



J(cc)-ix) = ( e^^Ha^) /^^""K^) ^^"H^) h^'^ll-Ts) 



z/M(a;) 

yu!r\x) J 
( 



+ 



i(cc)+(^) = ( ^i'"^^^) ^^^\^) 



+ 



(m; 



JsAix) = u'-^\x) c("^)(a;) 7^iT, 



+ 
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+ ( S'^^x) s("^)(a;) )l^iT, 



s('")(x) 



(27) 



The neutral current j'^j^c)^x) is also written in the alternative forms (Z^/is the sum over 
all fermions): ^^.^^(x) = E/ V^^^ (x) (^^^^T'^ - gi^h''l.W\x) = E/ V^^^ (x) (^/T'^ - 



0/7^75)^/"'' (a:), where g'^ = sm29wV = i{Tl - 2sin'^ O^jQem), Qa = sin29y,a = iT^ [the 
fermion assignements are: g'^'^'^t^'"^^ = g(K>i'^>i'r) = i. y(e>M,r) = ^{Asin? 9yj - 1), 5'^^''^'^) = -|; 
^ 1(1 _ IsinH^), ^i"''^'*) = |; #^'^) = Klsm^^^ - 1), g(<i.^.^) = -i]. 
In the charge-changing currents of the V-A type (V=vector 7'', A=axial- vector 7'^75), 
the Cabibbo-Kobayashi-Maskawa matrix Vckm — S^^^ S^^ appears; it can be shown that it 
depends on three angles 612 — 9c, ^13, ^23 giving the mixing of the quarks d, s, b, of the three 
families [cij = cos9ij > 0, Sij = sindij > 0] and a complex phase e*"^" [0 < ^13 < 27r], unique 
source of the weak CP-violation observed in the K system. With only two families, only 
the Cabibbo angle 9c remains, which is enough to explain the GIM mechanism (absence of 
flavour changing neutral currents since dd + ss = dcdc + scsc with dc = cos 9cd + sin 9cs, 
sc = —sin 9cd + cos 9cs) and the different strength of hadronic A^* = and A^* = AQ = 1 
processes (S is the strong strangeness). One has 



CKM 



C12C13 



S12C13 



-i6i3 



-S12C23 - Ci2S23Sl3e*'^" C12C23 - Sl2S23Sl3e"''^ 



V 



„i<5i 



(28) 



Size 
S23C13 

512523 ~ Ci2C23Si3e''"^^ " C12S23 ~ 'Sl2C23"Sl3e''"" C23C13 

the matrix of the moduli has the following form and the moduli have the following experi 
mental range of values 



CKM\ 





\Vus\ 


\Vub\ 


\Vcd\ 


\Vcs\ 


\Vci>\ 


\Vu\ 


\Vts\ 


\Vt,\ 
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1-^ 

^ 2 



A AX^{p-irj) 
X 1 - f AX^ 

AX^ 1 



+ 0(A^) = 



0.9745 to 0.9757 0.219 to 0.224 0.002 to 0.005 
0.218 to 0.224 0.9736 to 0.9750 0036 to 0.046 
y 0.004 to 0.014 0.034 to 0.046 0.9989 to 0.9993 



(29) 



where A = = 0.2205 ± 0.0018, A = IK&I/A^ = 0.80 ± 0.04, Vp^ + v'^ = \Vub\/MVcb\ = 
0.36 ± 0.10; one has Si2 = 0.219 to 0.223, S23 = 0.036 to 0.046, S13 = 0.002 to 0.005. 

The total number of free parameters of the standard model is 19: the nine masses 
(or Yukawa couplings) me,mi^,mr,md,rns,'mb,'mu,rnc,rnt; the three mixing angles $12 — 
Oc: ^23, ^13; the phase 613 [weak CP- violation] ; the electromagnetic coupling a; the Weinberg 
angle 9w; the vector boson mass mz [or mw]', the Higgs mass rriH', the strong coupling 
Q;s(m|) or the QCD scale A^; the ^-angle [strong CP- violation] . 

The unitary gauge Lagrangian density has the following exact global (1st Noether theo- 
rem) and local (2nd Noether theorem) symmetries; 

1) The global groups U-''\l): ijji\x) 1-^ e^'^t^ 'i/jf\x), whose conserved quantities are 
the lepton numbers of the three lepton famihes. The associated conserved currents are 
Jki^) = i^ilix)r4l{x) + i^^l^^{x)r^S,{x) [JU^)=e(^\x)re^^\x) + iyi"j:\'^iyi'^\x) and 
so on], 9^J^-(a;)=0, where means evaluated on the equations of motion. 

2) The Usv{^) global group [the matrix Vckm mixes the quark families]: 



4f(^) 



e'^'^Vfii (2^)) whose 



conserved quantity is the baryon number B. The associated conserved current is 

J'si^) = Eti[vsi?(^)7'^V'i?(^) + vs|H^)7'^V'SlH^) +^S(^)7'^viS(^)] = d(-Kx)rd^-\x) + 

g{rn) (a;)^M5M (a;) + (a;)7^6M (x) + (x)7''m(™) (x) + c^'"'^ (a;)7^c(™) (x) + 1^™) (x)7^t(") {x) 
3) The local strong color group SU(3), GA^,{x)f^ ^ U-^{x)GA^{x)ffUs{x) + 

u:\x)d,u,{xl - c/,-^(^)V'i?(^), i^^iix) ^ u:\x)i^^i{xl i^^iix) ^ 

U~^{x)'ijj^^-{x), giving the conservation of the non-Abelian SU(3) charges Qa (improper con- 
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servation law from the 2nd Noether theorem and Gauss theorem). The associated conserved 
current is J^j^^x) of Eqs.(p7D. 

4) The local electromagnetic gauge group f/em(l) giving the conservation of the electric 
charge (improper conservation law from the 2nd Noether theorem and Gauss theorem). 
It is called the custodial symmetry. The associated gauge transformations are A'^(x) ^— >■ 
A'.ix) + U;^]ix)d,UUx), 4'J(x) ^ U~J,ix)^^;iix), V^S(^) ^ U-J,ix)^^,ix), 4f (x) ^ 
U~rl{x)ip^Liix), ^mi^) ^ U;rk{x)^m{^)^ i'mi^) ^ U-mix)i'm (x) . As we shall see in Section 
VI, in the Higgs sector at each instant there is a su(2)xu(l) algebra of non conserved charges 
in the electroweak sector. 

Moreover, the standard model has approximate global symmetries 

1) Strong chiral symmetry 

la) If we put rriu = rrid = rris = 0, 6*13 = 6123 = ^13 



{e^2 

qi{x 



u 



*^™'^(x), S'^\x)^ s^'^\x)^ quark fields in the triplet form q{x) 



9c), and rearrange the 



Q2[X) 



(l3[X) 



J 



V 



(m)| 



X] 



X) 



the 



Lagrangian density (pB]) is invariant under the (strong interactions) global Noether transfor- 
mations associated with an Usv{^) x Usa{^) x SUsv{3) x SUsa{3) group, whose infinitesimal 
form is [ay, a^, (^A,A ^-re the constant parameters; are the SU(3) Gell-Mann ma- 

trices in the fundamental triplet representation] 



qi[x) ^ qi{x) + iavqi{x), 
qi{x) ^ qi{x) + ^tty,A( Y)iigj(a;), 
qi{x) ^ qi{x) + iaAl^qiix), qi{x) 

qi{x) ^ qi{x) + iaA,A{-Y)ii"l^'io'^^)^ 



1,2,3, 



QAx) 



'qi[x) 



Qi{x), 



(30) 



whose associated conserved Noether vector and axial-vector currents and charges are 



V'^(x) = 2g(x)7'^g(x), Qv = j d^xV°ix, x"), 
A'^ix) = iq{x)^^^^q{x), Qa= [ d^xA"{x,x°), 
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V%{x) = iq{x)r^q{x), Qv,A = j d^xV\{x,x°), 

A\{x) = i^(x)7^75^?(x), Qa^a = J d'xA\(x, x''). (31) 

Qv is the part of baryon number B — J cPx J^{x,x°) containing the u^"^\ s^"^\ 
quarks, while QvA ^''^^ the global approximatively conserved (the scale of the breaking is 
given by m^) Gell-Mann flavour charges of the standard quark model of hadrons. They are: 
strong isospin = |A", a=l,2,3; strong hypercharge Yg = :^A^, strangeness Sg — Yg — B, 
electric charge Qem = Tf + \Yg- U-spin U] = \\^ = = \{y/3X^-X^) = ^Yg-^T^; 

V-spin V} = |A^ ^ i;^5^ ys ^ K^A^ + A^) = |r, + iTj*; the quark assignements are 
B Tg Qem Yg Sg Ug U^g Vg 

u^rn) 1/2 2/3 1/3 1/2 1/2 

d^rn) 1/2 -1/2 -1/3 1/3 1/2 1/2 

1/3 -1/3 4/3 -1 1/2 -1/2 1/2 -1/2. 
Since we have {Qv,a^ Qv,b} — (^AbcQv,Cj {Qv,Aj Qa,b} — CabcQa,Cj {Qa,Aj Qa,b} — 
cabcQv,c-i we can define the left and right charges 

Qr = 2iQv ~ Qa), Qv = Ql + Qr, 

Ql — -^{Qv + Qa), Qa — Ql — Qr, 
Qr,a = 2^^v,^ ~ Qa,a), Qv,a = Ql,A + Qr,A, 
Ql,a — '7^{Qv,A + Qa,a), Qa,A — Ql,a ~ Qr,a, 



{Qr,a, Qr,b} — cabcQr,c, 
{Qr,a-, Ql,b} = 0, 

{Ql,A, Ql,b} — cabcQl,c- (32) 

In this form the group Ugv{l) x C/sa(1) x SUgv{^) x SUgA{S) is replaced by the global 
strong chiral group UgR{l) x [7,^(1) x SUgR{3) x SUgL{3). 
At the quantum level one has: 
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A) The vector current V^{x) is still conserved. 

B) The axial- vector current A^{x) is no more conserved due to the global chiral anomaly 
[t/5A(l)-anomaly]. On one side, this phenomenon explains the otherwise forbidden decay 
7r° — > 27, but on the other side it constitutes the C/5A(l)-problem, because one cannot invoke 
a dynamical spontaneous symmetry breaking mechanism, since the associated Goldstone 
boson should be the rj' pseudoscalar boson, which has too big a mass. The way out seems 
to be topological, i.e. connected with the 9 vacuum and its strong CP problem, for which 
there are various interpretations (existence of the axion,...). 

Let us remark that with 3 colors, Nc = 3, there is no local SU{3) x SU{2) x U{1) chiral 
anomaly, which would spoil the renormalizability of the standard model. 

C) SUsr{S) X SUsl{^) is supposed to be dynamically spontaneously broken to the di- 
agonal SUsl+r{'^) = SUgvi'^) approximate flavour Gell-Mann symmetry group (valid also 
for rriu — nid — rus 0) by the formation of a quark condensate < q{x)q{x) >^ [in- 
stead a gluon condensate ^ < 0\FA^,uix)F^''{x)\0 >= |^ < 0| EA(^i(^) - E%{x))\0 > 
should correspond to a magnetic color configuration of the vacuum, responsible for the con- 
finement of the electric flux between quarks and for the string tension k (450 Mev)^ 
(the coefficient of the linear confining potential)]. This condensate of quarks pairs breaks 
chirality [< 0\qi{x)qi{x)\0 >~ — (220Met')^ for each i] with a nonperturbative dynami- 
cal mechanism (for instance Nambu-Jona Lasinio). The quark condensate dynamically 
generates the "constituent" mass for the quarks, much larger than the "current" mass 
^^const j-j, ^const ^ 300Mef, ~ 450Afet'], to be used in the quark model as an 
effective mass. In the limit of exact SUsv{^)-i the SUsv{^) octet of pseudoscalar mesons 
7r,K,rj, would be massless and would correspond to the eight Goldstone bosons associated 
with the spontaneous symmetry breaking. 

lb) One could also put m„ = — nis — rric — rrib — rrit — and study the approximate 
SUsl{^) X SUsr{6) global symmetry, but it is much less interesting due to the big breaking 
of this symmetry measured by the value of m^. 

2) Weak chiral symmetry 
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If we put TUe = = rrir = and rriu = rrid = mg = rric = rrib = mj = (i.e. all the 
leptons and quarks are massless), one has the global Noether symmetry SUwl{2) x SUwji{2) 
which should be spontaneously broken to the weak isospin SUwl+r{'2) = SUw{2) global 
custodial symmetry. See Ref. [|1^ . 



3) Heavy quark symmetry: for this approximate symmetry see Ref. [EU 



IV. EULER-LAGRANGE EQUATIONS AND CONSTRAINTS FROM C{X) 

The Euler-Lagrange equations deriving from the Lagrangian density (|l|) are \y{(j)) 
A(0V — (plY is the Higgs potential] 

TiG)ti _ 2/ Q \ _ f)iG) ^Vfi 2 T/i ^n. 



'''''' -^'^w,''^^^-'^''''^^VL^ 
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rW _ 


dC 

ddl 




ipLi 


dC 




Til) _ 


dC 




Til) _ 


dC 




Til) _ 
^tpLi — 


dC 


-9, 





(0 



55,^g 



9£ 



~ - BC BC ~ .... 

^ _ _ = ^^A'^^ _ 2ied,{W'^W'l - WIW^) + 

+ ie{W^^W+^ - W+^W:^") - 2e'^W+ ■ W^A^ + cot e^^Z") + 



+ e^iWi^Wi + Wmi){A, + cot e^Z,) + 

+ ie{[gem0(^)]^ • W + UW^{^)T- + Wl{x)T+) 
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- leQemA^ix) - ieQzZ^'{x))(f)ix)] - 

- [{d^ + 9UWlt{x)T- + Wl^{x)T+) - 

- ieQemA^ix) - ieQzZ''{x))(f){x)]^ ■ [QemHx)]} + 



dZ^ ddi^Zn 
+ ie{[Qz<l>(x)]^ ■ [(d^ + 9UW!^(^)T- + W'^(x)t:) - 

- ieQemA''{x)-ieQzZ''{x))(l){x)] - 

- [{d^ + 9UWUx)T- + W'^{x)T+) - ieQemA^ix) - 

- teQzZ^'ixmx)]^ ■ [Qz^]} + 

+ iecot e^{W'_^W+'' - W'^^W'^") - 26^ cot O^W'^ ■ W'_{A^' + cot O^Z'^") + 

+ e^cote^{w'+^W'^ + W'_^W'^){X, + cote^Z',) + ejf^p)^0, 



- tge^i^'ilriY^^I^'i} - tgeJ^^.riYj'i}, 

+ gA[T^<f>{x)]^ ■ [{d^ + ^.(#^ + m{x)T+) - 

- ieQemA^ix) - teQzZf'{x))4>{x)] + 
+ [{d^ + gUWUx)T- + - 

- teQ,^A^{x) - ieQzZ^{x))ct>{x)]'^ ■ [T^<P{x)]} + 

+ ied^iW^iAi" + cot e^Zi") - W^iA"" + cot 9^2'')] - 

- ie[{A'''' + cot e^z^^'w^, - ly^'^ii, + cot e^z,)] + 
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+ , [W^W^ - W^W+ ■ WJ - e^W^{A + cot O^Zf + 
+ e2(i^ + cote^Z^')^^ ■ {A + cotd^Z) + — ^j^* ^0, 

] ' (cc)T = i'ilr^T^^il + i'iir^T^i^il (33) 

In the last lines we added the Euler-Lagrange equations for = e~^A^, Z^ = e~^Z^, 
W±fj, = e^^sin9ujW±fj,, obtained from Eq. (|1^). 

The canonical momenta implied by the Lagrangian density (|1|) are 





dC{x) 
ddoGAoix) 


— n 




dC{x) 
ddoGAkix) 


= -9;'G'^{x)=g;'E^^''^\x), 




dC{x) 

ddoWao{x) 






dC{x) 

ddoWak{x, 


-^=-9-Jw:\x)=9-jEr\x 




dC{x) 
ddoVo{x) 


= 0, 




OL\X ) 

ddoVk{x) 


= -gy'V"\x)=g^'E^''^\x), 


7^4, a{x) = 


dC{x) 
ddo^a{,x) 






dC{x) 
ddo(t)l{x) 


^ [D^^'^'Uix]]^, 


'^tpLiaa l-^- 


dC{x) 


, = A'^Li{xho)aa^ 
X) ^ 


TT^-^ (x 
4>Liaa ^ ' 


^ dC{x) 

ddolpLiaai 


, = J^oAlix))aa^ 

x) 


'^^liiaix) 


dC{x) 
ddoi^Riaix 






dC{x) 
ddoi^maix 
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TT, 



TT, 



'^'^oW LiAaaK^) 
ID / N _ ^^(■^) _ J_(J,{<1)(^^^ ^ 

W^^^ - 55^4.)^ j^) - 2 

They satisfy the standard Poisson brackets 

{Ga,{x, x"),7,f^%y, X")} = SabS;S\x - y), 
{Wa^ix, x"),7rP''iy, x")} = 5a,5;5'{x - y), 
{V,{x,x"),7:^''>{y,x")} = S;S\x-y}, 

{(I)a{x,x°),7r4,b{y,x")} = {(j)l{x,x"),TT^tb{y,x°)} = 6abS^{x-y), 

{H{x,x"),My,^")}-S\x-y}, 

{9a{x, x"),7r0b{y, x")} = SabS^{x - y), 

= -SijSabSapS^ix-y), 

{ijZi^,x"),n%^^{y,x")} = {^L(^,^°),4%/3(^'^'')> = 
= -SijSafiS^ix - y), 



= SijSABSabSapS^ix - y) , 
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= 5ij5af3S^{x - y). (35) 

All the fermionic momenta generate second class constraints of the type 7r^(x) + 
|('?/^(x)7o) ~ 0, 7r^(x) + |7o'?/'(x) ~ 0, which are eliminated by going to Dirac brack- 
ets; then the surviving variables 4'{x),iIj{x) satisfy (for the sake of simplicity we still use the 
notation {., .} for the Dirac brackets) 

{i^Llaa{x,X°),i''Ljbl3{y,x")} = -i6^j6ab{Y) ' V) ^ 

{ll^LLaai^,X°),i^LjBbl3iy,x")} = -iSij^AsSabil") ^pS^ {x - y) , 

{V^iljf,x°),V^g5^(y,x'')} = -^6,^6ABil")^^6%x-y), 

{41 Jf, x°), ^^]5^(^, x°)} = -^5,,6ABi7°U5%x - y). (36) 

The resulting Dirac Hamiltonian density is [after allowed integrations by parts; 
AS(a;),A(f)(x),A(^)(x), are Dirac multipliers; Bf^^{x) = -^e'''^G%{x), Bj^^^{x) = 
— l^>'y\yv(^x), B^'^^''{x) = — |e^*-'V*-'(x) are the magnetic fields for the corresponding in- 
teractions; a = 7°7, P = 7°] 

noix) = lU9l^A^"i^)+9fBf^\x)] + 

^ A 

+ 7r^(x)7r^t(x) + [D(^'^)</)(a:)]t ■ [^('^•^^^(x)] + \{<^\x)<^{x) - 0^)2 + 

+ ^4?(^)[« ■ + M>a(x)T^ + V{x)Y^) -id- Waix)T: - Vix)Y^) ■ a]4lix) + 

+ ^4r(^)[« ■ + Vix)Y^) -id- Vix)Y^) ■ a]4;(x) - 



■ ^-^Mfh%ix) - V^S(x)<tf ■ i.%ix) + 



+ ^rif (^)[« ■ id + Waix)T: + Vix)Y^ + GAix)T:) - 
-id- Waix)T:, - Vix)Y^ - GAixm ■ a]^'f}ix) + 

+ li^Rh^)[(^ ■ id + Vix)Y^ + GAix)T^) -id- Vix)Y^ - Ga(x)T,^) ■ a]4^(x) + 
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+ l^^Rl\x)[a ■ + V{x)Y^ + GA{x)Tf) -0- V{x)Y^ - Ga{x)T^) ■ a]^^i{x) - 

- m^) ■ ^-^Mif^%ix) - ■ - 

- mix) . ^M^mii^ - ^S(x)Mt)tM . _ 

- Gao{x)[-dZ ■ T:f\x) + zV^if (x)r/V^if (x) + 

" (W) 

- Wao{x)[-D,, ■ n^ix) + ^V^i?(x)^>g(x) + zV^lf (x)r>if (x) - 

- (7r^(x)r«(/)(x) - (/)t(x)r>^t(a:))] - 

- Vo{x)[-d ■ 7f(^)(x) + tm\x)Y^m{x) + i^P^^ {x)Y^^P^,{x) + 

+ im\x)y.m{x) + im\x)y.,m{x) + im\x)y..m{x) - 

- (7r<^(x)F^0(x) - (t)\x)Y^Ti^^{x))] - 

-e^^^f\x).Bf\x) + 

+ XAo{x)7:f^\x) + Xao{x)7T2^>{x) + X^/\x)7T^''> {x) . (37) 

We get \Aoix)=^GAo{x),Xa){x)=-£^Wao{x),\o{x)=^Vo{x). 

The time constancy of the primary constraints tt^^^°{x) ~ 0, 7r^^"{x) ~ 0,7r^^^°{x) ~ 0, 
yields the Gauss law secondary constraints 

rf (^) = gfLf^\x) = -d ■ 7rf \x) - CABcGsix) ■ ^P{x) + 

+ ^m\x)Tfm{x) + ^m\x)T^m{x) + ^&{x)T^m{x) = 

= -dTb{x) ■ 7^f\x) + J^Aix) ^ 0, 

r^H^) = g-jL^^^^i.x) = -d- ^^^\x) - 6„5cW>.(:r) ■ t^^^\x) + ^^S^(a;)T>g(a;) + 

+ imh^m^LK^) - M^mi^) - 0^(x)T>^t(x)) = 

= -D^, (x) ■ nPix) - {n^ixmix) - ct>\x)Ty {x)) + Jl^x) ^ 0, 

- {'K^{x)Y^(j){x) - (j)\x)Y^'K^^{x)) = 
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= _^ . 7f(^)(x) - {n^{x)Y^4>{x) - </)t(x)r^7r^t(a;)) + J^Jx) ^ 0. (38) 

The secondary constraints are constants of the motion and the 16+6+2=24 primary and 
secondary constraints are all first class with the only nonvanishing Poisson brackets 

{rj') (f , x°) , rS?) {y, x°) } = CABcT^c^ {S,x°) 6' (x-y), 

{T^^\x,x"),TP{y,x°)} = eatcr^^\x,x")6%x-y). (39) 

Let us make a digression on the choice of the boundary conditions on the various fields. 
The conserved energy-momentum and angular momentum tensor densities and Poincare 
generators are [a^'^ = |[7'^,7'^], cr* = ^e^^'^a^'^; D'^^^ are defined as in Eg . ([131) with a change 
of sign in the fields] 

0M.(3,) = Q-^^i^x) = g-\G7{x)GAor{x) + \r]^''G'f{x)GAaf5{x)) + 

+ gZ\Wr{x)Wa^''{x) + ]r^^''Wf{x)Wao.p{x)) + 

+ g-\V^^{x)V^'{x) + \r,^''V^P{x)V^p{x)) + 

+ [L»(^'^)^0(x)]^ [D^^^^>(t){x)] + [D^^^^>(t){x)]\D^^'^^^(t){x)] - 

- r]^^[ [D(^'^)Xx)]^[D(^'^),0(x)] - Vm + 
+ |^g(x)[7'^I)^^'^^^ - /^(^^)t.^lV^S(x) + 
+ ^i^^t^WD^''^'' - ^^^^Nl^S(a:) + 

- ^-[^S(x) ■ ^MgVg(x) + V5S(x)i<^^^ ■ ^S(x)] + 

+ ^^i?(x)[7^/^(^'^'^)^ - /^(^^'«)t^7l4f (a:) + 
+ '^^^Mix)[YD^''^^> - D(^^^^'^Y]^^^hx) + 

+ |^2(a:)[7^I^(^'^^^ - /^^^^^V]V^Sl^(x) + 

- V'^ii^th^) ■ ^Mlfi^%{x) + Mx)Mlf^ . ^g(x)] + 

- ■ ~^Mlf;^%{x) + it{^)Mlf~^ ■ ^g(x)], 
= x"e'^^(x) - x^e^"(x) + ^V^i'](x)(7'^a°^ + + 
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^ a 

+ \[gl^^^^\xX)+g-'B^''^\xX)] + 



= / d^X {(Tff X°) X Pf )(f , X^y) + (7fW(^, ^'') X B^r\x. X")f + 

+ {7r^^\x,x'') X B^^\x,x°))" + 
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+ ^ + D(^«)t^]4^ (x, 0:°)}, 

+ [f X (7f('^)(f,X°) X + 
+ [f X (7f(^)(f,X°) X - 

+ [f X (7r^(f,x")DW^)0(f,x°) + (D(^'^)0(f,x°))t7r<^t(x,x°))]' + 
+ ^^g^(x,x°)[f X pW^)^ + D(^^)t^)]^g(f^ 

+ -V'ffi^l^, X + D(^'^)t^)]^(j^)(f, x") 

+ iv^if (f,x°)aVi?(f,x") + 

= = x°P' - J £xx'Q°°{x, x"). (40) 

Now, following Ref. 0, we will assume the following not-Lorentz-invariant phase-space ori- 
ented boundary conditions for r = |x| — > oo, implying that the ten Poincare generators 
are finite [these boundary conditions are natural for the covariantization of the theory by 
reformulating it on spacelike hypersurfaces see the comments in the Introduction] 

C071 s/^ 

7r(«)°(f,x°), 7r(^)°(f,x"), vr(^)«(f,x'') ^^^ + 0(r-2), 
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const. 



-3\ 



Bf\x,xn, Bjr\S,xn, ^^ + 0(r-^) 



const. 



const. 



Aao(x, Aao(x,x°), Ao(x, a;°) ^ — — — + 0(r ), 

f/g (x, X ) , UyjiyX^ X ) , (x, X ) > oo ~l~ ^ ('^ ) 5 Ug^nj^^y^ qq COTlst 

COTlst 

dUs{x,x°), 5f/^(f,x°), ^;^ + 0(r-=^), 

C071 '^f 

const. 



X, x") const. + '^'^2+1 ~'~ ^ 'i^^"^) ~ (poCillowed., 

const. 



const. 



rf(f,a;°), rW(^,^°), r(^)(x,x°) ^^^ + 0(r 

const, 
r 



-^ + 0(r-^). (41) 



In the last line of the previous equations we have denoted with q;^^(x), a^^\x), a^'^\x), 
the parameters of the infinitesimal gauge transformations generated by the first class con- 
straints t'"^\x) ~ 0,r^^^(x) ~ 0,r'^^)(x) ~ 0; as shown in Ref. P|, they must have the 
same boundary conditions as the Gauss laws. 

With these angle- independent limits for r oo, the non-Abelian color charges (see 
Ref. [^) transform covariantly under the gauge transformations, which in turn preserve the 
boundary conditions on the fields. We have assumed the same boundary conditions of the 
strong interactions also for the electroweak ones, so that also the (unbroken) non-abelian 
SU{2) X f/(l) charges transform covariantly under gauge transformations. Moreover, with 
some refining of these boundary conditions (see Ref. 0), one can avoid any form of Gribov 
ambiguity for all the interactions. 

Let us now reformulate the Hamiltonian theory in terms of the fields H(x), 6a{x), A^{x), 
Z^{x), W±^{x) [see Eq. (|T7|) ] , rather than in terms of the fields 4>a{x), V^{x), Wa^{x). 
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By using Eqs.(D, (|), (0), the formula e'^'^^^Ty^^^ = T^{e'^^'U [{f^ 

€abc; see Ref. 0], the identities r'^r^ = Sab + ieabcT", t''t°-t'^ = itadc + SadT"" + SacT"^ - ScdT^", 

^c^a^b _ ^a^b^c ^ 2{ieabc + SacT^ - SbcT^') , t'^T^tK^ = SabScd + SacSbd + Itab^ + l{5abecde + 



5acebde-5bceade)r'', 1 K'' 



1,^ 



Sal, (oil 



6ab, and e^*"^™ = e 2^"-6^'' 



cos f - tStn IflbT^ [with Efc^fe = 1,6= sjel + + el ha = ea/e, dO/dOa = ha, dha/dOb 

\{.^ab — ""-a^b)], we get (see also II) with = — 



= ( [cos9{x)6ab + 2sin -^ha{x)hb{x) + sine{x)eabchcix)]Wb^,{x) + 

+ [ha{x)hb{x) + ^^^X^(5ab - ha{x)hb{x)) + 



+ 



eix 



e{x) 

e{x 



= ( [cos9{x)6a3 + 2sin -^hah^, + sine{x)ea3cnc{x)]{A^{x) + cote^Z^{x)) + 

+ [cos 6'(x)-^^— — + 2sm^ ^ ^ ha{x)h^{x) + 
V 2 2 

sinOix) , . ,^ , , , 



, I n, ^ ~ ^*"a2 ,0-2 ^^i^) - ( \ - / \ , 

+ |cost^(x) 7= h 2szn -n-afxln I (xl + 



5oi — -i^n 



stnUix) . . , , , 

+ [ha{x)hb{x) + ^^^y^Y^(5a6 " n„(x)nfe(x)) + 



1 

72 
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1 . . i , . 1 



d 



1 ){-^9^if(x) + -(0o + -^i7(x))[V^(x) + l^„^(x)r1}e 



a 



+ ^(0, + - tg e^Z{x)f + + cot e^Z{x)f 

- 2(cos ^(a;) + 2W --^h^{x)){A^{x) - Z^{x) + 2cot e^A{x) ■ Z{x)) 



2{A^'{x) - tgeyjZ^\x))[isine{x){n+{x)W-^{x) - + 

'{x 

Y 



+ 2sin^^h3{x){n+{x)W.^{x) + n_{x)W+^{x))] + 2W+{x) ■ W_{x) + 



4 6(x) 

+ [na{x)hb{x) + ■7^:rr^sin^^—{6ab - na{x)nb{x))]df,9a{x)d''9b{x) + 

U'^[X) I 

+ 4(^^[n3(a;)n,(x) + ^^^^(^s. - h^{x)na[x))\ - 
stn 20^ U{x) 

2 -sm2^e3„,n5(x)(A'^(x) + cot2e^Z^{x)) 



e{x) 2 

0± {x) = (^1 (x) T id2 (x) ), n± (x) = (ni (x) ^ ma (x) ) . (42) 

The new canonical momenta associated with the Lagrangian density ([TTD are [see Eq.(|l^ 
for the expression of the kinetic term —^Wl^'^Wa^u — -^V^^V^y in terms of A^, Z^, W±^] 

= ^f'o^} . = i(0o + -^H{x)f{[na{x)nb{x) + -^—sir? ^'^^^ 



Z°{x^ 

■ {5ab - ha{x)nb{x))]d°db{x) + 2[ . \ ' {n^{x)ha{x) + 

+ ^7(^('^3a - n3(x)n,(x)) - -^sin" ^e3,,n,(x)(A°(x) + cot2e^Z\x))]], 

41 



+ -^—^^(^'^b - na{x)hb{x))] TTe^ix) - 

2Z°(x).^ / / N 0(x)sin9(x) , . / n-. / 

[na{x)n3{x) + — — ^77^(()a3 - na{x)n3{x))\ 



2 



e{x)e3abnb{x){A''{x) + cot2e^Z"{x)), 



7r^^>(x) = ; / , = -e-M^^fx) + ie-^sm'^^[H/°(a;)PFl(a;) - WUx)W°(x)], 

odoAi{x) L -rv / -rv / 



^ = aM°(a;) - e^^'^^'ix) + isin^ e^{Wl{x)W'_{x) - Wi{x)W^{x)), 

^^^^^(^) = -e-2Z-(a;) + '-e-hin' e^[WUx)WUx) - Wi{x)W"_{x)i 

ddoZi[x) 2 ^ 



ddoW±i{x) 

± ie-2sm2e^[W^^(x)(>lX2;) + cote„Z\x)) - WUx){A\x) + cot 



p2 

±i[W^{x){A\x) + cote^Z\x)) -W'^{x){A\x) +cotey,Z\x))]- (43) 

they satisfy standard Poisson brackets. 

These new momenta are related to 7r0(a;), 7r0t(a;), 7r*^^'''^(a;), 7r^'^^'^(x), by the equations 

7r^(x) = [D(^'^)Xa:)]t = 
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'-{<P^ + ^Hix))iV%x) + W:"T'^)] 



V°{x) + W'J'{x)t'' = A"{x) - tge^Z°{x) + 



,9ix) 



+ {[cos 6{x)6a3 + 2sm ^ na{x)n3{x) + sin6{x)ea3bnb{x)]{A"{x) + cot 6u)Z°{x)) + 



[cos 6'(x)-^^— — + 2sm^ ^ ^ ha{x)n^{x) + 



+ [cos 9{x 



+ 



V2 

Sal - iSa2 



e{x) 
Y 



V2 



+ 2sm^ — ^na(x)n+(x) + 



stn t/[x) 
sin 9{x] 



(Calfe + i(^a2b)nbix)]Wl{x) + 
(Calfe - i(^a2b)nb{x)]W°{x) + 



b, + j=Hix)y 



^[x)sinv[x) 
[na[x)nb[x) H r~^rmv^(^«^> ~ na{x)hb{x)) + 



+ 2^af'c^c(a;)]7r0jx) - 



sm 26*,,, ^ 2 



2 ^ V'^y e • 2 9{xj ^ / \ / \ 

COS — z— ^a3 + stn ——na{xjn3[xj + 



sin t>{xj 
2e{x) 



easbfibix)] + 



+ (A^ix) + cot2e^Z°{x))[sine{x)e3abnb{x) + ^ W ^(5„3 - %(a;)n,(x))]}r", 



^rix) 



vff)(x) 



i=(^(^-)(x)+vf(^-)(x)), 



vr 



X — vr 



= sin6w{sin6y,Tf^^\x) + cos 6y,Tf^^\x)), 
cos 6yj{cos OwTT^^^ — sin6y,Tf^^\x)), 



vf(^)(a;)=vfr)(x) + 7f(^)(x), 

vf(^)(a;) = cote^n^^\x) -tge^7r^^\x), 



(x) = -^(7rr(x)T^7rr^(x)). 



(44) 



The secondary constraints (^T]) may be rewritten in terms of the new momenta in the 
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following form: 



rf\x) = -d ■ 7rf\x) - cabcGb{x) ■ 7rP{x) + J^^ix) ^ 0, 
T^^\x) = ±{Tr\x)+T^^\x)) = 

= -d- 7r^^\x) + i{W+(x) ■ 7r^^+\x) - W^x) ■ 7r^^+\x)) + 



+ Mx){l + T')<j>{x) - 0t(a;)(l + T')7r^,{x)] + ^ 0, 



I 
2 

r^^\x) = cot0^rf\x) - tge^r^'^Xx) = 



= -d-7r^^\x)+icot9^{W+{x)-Tf^^+\x)-W_{x)-7r^^+\x)) + 

+ 7;['^,i>(x)(coteyjT^ - tgey,)(t){x) - (f)\x)(cotewT^ - tgeyj)7r^i(x)] +j°NC)(x) 



= -d- 7r^^^\x) T i{W±{x) ■ sin9^{sine^T:^'^\x) + cos9^tt^^\x)) - 

- {A{x) + cote^Z{x)) ■ Ti^^^\x)) + 

+ l^[^4>i^y^(t>{x) - (t)\x)T^T^^^{x)\ + ~3lcc)^{x) ^ 0, 

9 I 9 I 

+ {sin9n2 — 2sm^ -^nih3)W^° — {sin9hi + 2sm^ -71277,3) 14^2°]) 

7r<^TV -0VV^t = -i{(l>o + -^Hf[{sin 9n2 + 2sm' ^^in3)(y'' - Wi") - 

V 2 2 

9 I 9 I 

- {cos9 + 2sin^ t^^D^i" + {sin9h3 - 2sin^ :^^i^2)M^2°]> 

9 I 9 I 

- {sin9h3 + 2si'n? -hin2)W[° - {cos 9 + 2si-n? -nl)W'2% 

^ + ^((536 - 773^6) + -e36cric]7re, - 

,2s7772f, , „ 
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H —(sin6n2 - 2sin^ - fiifis) + 2sm^ -ni(Wln_ + W"n+) + 

sznzOw 2 2 

+ ^[(cos 6* + ism6'n3)Vr° + (cos 6* - ism 61^3) 
v2 

Ti/o 2 „ 9sin6 ,^ . . , 61 ^ , 

Z° 6 9 

[sinOhi + 2sm^ -n2nz) + 2sm^ -n2{Wlh_ + - 



sin2e^' 2 ' 2 

- -^\{sineh^-icose)Wl + {sineh^ + icose)W% (45) 
v2 

The main point is that V^'^\ r*^^\ r*^^±\ are independent from 7r^(x) and A°(x). However 
they depend on Z°{x), W^{x), and this imphes the existence of 3 tertiary constraints and 



of 3 quaternary ones [see Ref. for the general patterns of second class constraints]. 
Namely, in the new variables the constraints change nature and number with respect to the 
Hamiltonian formulation associated with the Lagrangian [in contrast to papers I and II, 
this is due to the mixing in Eqs.(|D together with the non-Abelian nature of W/^]. 

While the color and electromagnetic Gauss laws T^^\x) ~ 0, T^^^{x) ~ 0, are ellip- 
tic equations in the momenta respectively, the weak ones T^^\x) ~ 0, 
p(w±)^2;) ^ 0, are ambiguous: each one of them (in analogy to I, II, and momentarily for- 
getting their dependence on Z° and W^) can be thought either as an elliptic equation in 
one of the momenta n^^\x), 7f*^^±)(x), or as an algebraic equation in the Higgs momenta 
(the would-be Goldstone bosons) 7751-1- (x), ^6*3 (a;)- Since the Gauss laws are the subset of the 
Euler-Lagrange equations independent from the accelerations, it turns out that the space 
of solutions of the Euler-Lagrange equations of the standard model is the disjoint union of 
8 sectors (for 6 of them there may be many inequivalent copies corresponding to different 
choices of which combinations of the Higgs momenta have to be determined): 

i) the SU(2) x f/(l) symmetric phase (0 broken and 4 unbroken generators), in which 
all the fields A^, Z^, W±fj, (or V^, Wa^) are massless. 
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ii) 3 phases with 1 broken and 3 unbroken generators, in which SU{2) x f/(l) is broken to 
three non-commuting U(l)'s. The three phases are: a) A^, W±^ massless and massive; b) 
Afj^, Zfj^, massless and W-f^ massive; c) A^,Z^, W-^ massless and 1^+^ massive. However, 
in general there are phases corresponding to all the possible choices of which combination 
of V^, Wa^, becomes massive. 

iii) 3 phases with 2 broken and 2 unbroken generators, in which SU (2) x f/(l) is broken to 
two (in general non-commuting) U(l)'s. The three phases are: a) A^, massless and W±fj, 
massive; b) A^, W+f^, massless and Z^, W-^, massive; c) A^, W-^, massless and Z^, W+^i, 
massive. Again there may be many other copies of these phases. 

iv) The Higgs phase with 3 broken and 1 unbroken generators, in which SU{2) x U{1) 
is broken to f/(em)(l): A^ massless and Z^, W±^ massive. 

However, in contrast to I and II, here the situation is much more complicated due to 
the presence of Z° and in the constraints. The expected 3 tertiary and 3 quaternary 
constraints should be such that at the end one gets the following situation in the Higgs 
phase: i) A°{x) is a gauge variable conjugate to the 1st class constraint 7r(^)°(x) ^ 0; ii) 
9a{x) and 7re^(x) are determined by 3 pairs of 2nd class constraints (containing T^^\x) ~ 0, 
Yiw±)(x) ^ and the 3 tertiary constraints); iii) 7r(^)°(x) 0], 7r(^±)°(x) 0] and the 3 
quaternary constraints determining Z°{x), W^{x), form 3 pairs of 2nd class constraints; iv) 
7r^^°(x) ^ 0, r^^(x) ~ are 1st class constraints. 

Due to this extremely complicated situation, we will not study the direct canonical 
reduction in the Higgs sector of the constrained phase space associated with the Lagrangian 
density (|1^ [one should evaluate the Hamiltonian associated with the Lagrangian ([T7|) and 
make a complete analysis of the constraints], but, following I and II, we will study the easier 
canonical reduction of the first and second class constraints deriving from the Lagrangian 
density C' (x) of Eq.(^) in the unitary gauge. 
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V. EULER-LAGRANGE EQUATIONS AND CONSTRAINTS FROM C! {X) 



The Euler-Lagrange equations associated with the Lagrangian density (21), which 
does not depend on the (would-be Goldstone bosons) Higgs fields 6a{x), but only on 



are 



r(G)M _ 2, 
— 9s\ 



dG 



dC 



p.{G) ^u^i I 2 TAJ ^n. 



All 



dd,n 



J 



sA 



Ri ? 



f)r' f)f' 



dZ^ dd,Z^ 
+ ml{l + HfZ'^ + 

+ iecote^{W'_^W+^ - W'^^W'^^) - 2e^cote^W'^ ■ wii^X" + cote^Z'^") + 
+ e\ote^{w'lW'^ + wi^W'^){X^ + cote^Z',) + e]'l'^c)=^^ 



1 -7(a) .. >(n) . 2^{q) 
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sm 2dy,mz 
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+ ^{X^ + cotQ^~Z'^)W'^ ■ {X + cotQ^~Z') + -^JJ^^^^^O, 



sin 



(0' ^ Jii)' 



Lh^ — - a^TTTTTT = -^H - m]jH{l + 



2sm 29yjmz 



sin 29yjmz 



^ ,2 w' T?/ , ^ ^1 '7'2l 



sin 29wmz sin 20u,niz 2 



+ 



ac 



-a, 



sin 6*,, 



+ iegem^;, + icQzZ^)-/^] 



(1 + 



1 =0, 



(9£' dC' e 



sin 9, 



- ieQemXi, - ieQzZ'^)]ilj1l + 



+ + - 



sin 29u,mz 



H) 



48 



-(0 
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The canonical momenta associated with the Lagrangian density (|21]) [E^^)'^ = 
E^^y^ = -Z'°\ E'^'^^y^ = -{d"W^ - d'W^) = -W^" are natural definitions of "Abelian" 
electric fields; the last one must not be confused with the non- Abelian field strength W'^^^, = 
O.K. - duK, + ide:^^a,cWl^Wi] 

Trf = 0, 

7^f^\x) = -g:'G"l{x)=g-'Ef^\x\ 

'KHix) = d°H{x), 

jr^^y-{x) = 0, 

^(^y\x) = -A'^'ix) + ie[W'+°{x)W'^{x) - W^{x)W'^°{x)] = 
= E^^y^ix) + ie[W'^"{x)W'^{x) - W';{x)W'_"{x)], 
= 0, 

^(^)'^(x) = -Z'"'{x)+iecote^[W'_^"{x)W'_!{x) - W';{x)wL°{x)] = 
= E'^^y' + iecote^[W'^{x)W'_!{x) - W'^{x)W'_°{x)], 

^(^±y-{x) = 0, 

n^^^y^x) = -W^'ix) ± 

± ie[W^"{x){A''{x) + cote^Z'\x)) - W'^{x){X\x) + cote^Z'"{x))] = 
= E^^^y\x) ± ie[W'^{x){X\x) + coteu,Z'\x)) - 
- W'^{x){X''{x) + cote^Z'^x))], 

{Ga,{x, x°), T^f^^y, x°)} = Sab^'^^^x - y), 

= 6;6'ix-y), (47) 

plus the fermion momenta vrJLa(a;), ^^iaai^)^ 4^"^^)' ^i^LiAaai^)^ 4^Aaa(^)' 
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^ipRiAaix), ^fmAa^^") ' ^KAa*^^^' fermion momenta generate second class 



constraints, which can be ehminated with the Dirac brackets (36). 

The resulting Dirac Hamiltonian density is [the "Abelian" magnetic fields are defined 



as 



= -ie^^■'=i'^■^ B^^y' = -\e'^^Z'^^, 5(w^±)'^ = -l^ijkQj^r'k ^ e'^'^Wf; instead 



2 
1 



_ _l^ijkQjk non- Abelian magnetic fields; mw = mzcosOy 
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COS 
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mS^%{x) + i^{x)Mi:^' ( 1 ) • V'S' {x)] + 
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- W'_^"{x)[-d-^^^~^'{x) + ie{W_{x) ■ {n^^\x) + 

+ cot 0y,n^^'{x)) - {A (x) + cot 9y,Z (x)) ■ n^^^'{x)) + 

O vft ^yj 

- W'_"{x)[-d-n^^^\x) - teiW^x) ■ i^^^^' (x) + 
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with Tf\ r(^), C(^), C^'^*^ defined in the next Eq.(|9D. 

The time constancy of the primary constraints generates the secondary ones 

rf (x) = -b^B ■ ^f\x) + ^^^{x)T^^{x) + 
+ ti^{x)Tfi/i{x)+i^{x)T^i/i{x) = 



r(^)(x) = -d- n^^\x) + ie{W^{x) ■ - W^x) ■ n^'^\x)) + 

+ e^lj^l'\x)Q,m^P^; (x) + e4]^(x)^r.4J(x) + 
+ e4f{x)Q,,n41'ix) + e^Sjf (a;)^F.4t (x) + 
+ ei,^i}\x)tY^i,^^}ix) = 

= -d- n^'^x) + ze{W^{x) ■ ^^'^^^'(x) - W_{x) ■ ^^'^"^'(x)) + e~f^,,^^{x) ^ 0, 



C^'\x) = m%{l + —-^ H{x)fz'"{x)+C'^^\x) = 

= mlil + H{x) fz'''{x) - 

Sm 2Uyj TTLz 

- d-t^\x)+iecote^{W^{x) ■ n^^'^'^x) - W _{x) ■ ^^^"^'(x)) + 
+ e^l^^S^\x)Qz^^^-{x) - et^/0»7AS^(x)^n,4](x) + 

+ e^f ^(a;)Qz^if (x) - etge^^l,^i\x)iY^^lj^i{x) - 

-etge^i^^i\x)tY^i^^i{x) = 

= m|(l + --^ H{x)fz'°{x)- 

sm 2Uw mz 

- d-^^^^' {x) + iecote^{W^{x) ■ ^^^""^'(x) - W_{x) ■ ^^^"^'(x)) + ej(V)(x) ^ 0, 



C(^±)(a;)=m^(l + 
= m^(l + 



sin 29yj mz 
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stn 



^^(1 + H{x) fW'^{x) - d- ^^"^^^x) ± 

sm lU^ mz 



± ie{W^{x) ■ (^^^^'(x) + coteJ^^^\x)) - {A (x) + cotO^Z (x)) ■ ^^^*^'(x)) + 

where Eqs.(p7|) have to be used for the fermionic currents. 

The constraints Tf\x) ^ 0, r(^)(x) ^ 0, are constant of the motion and first class: 
therefore, G'^(x) and A"{x) are gauge variables. Instead the time constancy of (''^^•'(x) ~ 
0, (^^^^^^x) ~ 0, determines the Dirac multipliers A^^''(x), A^'^''(x) (they vanish), so that 
these constraints form pairs of second class constraints with their primaries 'n^^^'°{x) ~ 
0, 7f^^='='''°(x) ~ and determine their conjugate variables Z'°(x),W^{x), which can be 
eliminated by going to Dirac brackets. 

VI. ELECTROMAGNETIC AND COLOR DIRAC OBSERVABLES 

We shall use the results of Ref. [Q] to find a canonical basis of electromagnetic and color 
Dirac's observables, having vanishing Poisson bracket with all the constraints and gauge 
variables, and we shall use the equations C^^\x) = 0, C^^^\x) = 0, together with the 
associated Dirac brackets (still denoted as Poisson brackets), to eliminate Z'°(x), W^{x). 

In the electromagnetic case, we have the following decomposition (Hodge decomposition 
of one-forms, when the first homotopy group of the manifold vanish as it happen for R^) of 
A (x), vf (x) [see Eqs.(2-10) and (2-9) of the second paper in Ref. 0; A = —9^] 



A (x) = dr]em{x) + A_l(x), 

7r (Xj = 1T±[X) + 

+ |[r(^H^) - ^e{W4x) ■ ^^^"^'(x) - iy'_(x) ■ ^^"^-^'(x)) - ej7_)(x)], (50) 

in terms of the Dirac observables Aj_{x) = P^/{x)A' ^ (x), 7r^^*(x) = P^/{x)if^^^'\x) [P^{x) = 
^ij ^ d-A^{x) = d-n^{x) = 0], and of 
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Vem{x) = --^d ■ A (x) 



£yc{x-y) ■ A {y,x") = 



-Jd'yc(x-y}dyA(y,x"), 

1 —1 

c{x-y) = —5^{x-y) = -— — ^, 
A A.t:\x — y\ 

c{x -y) = d^c{x -y) = ^^^(^ - v) -- -rjz — ^> 

47r|x — y\ 



Ac{x-y) = S^{x-y), 

x-y 



{f,US,x''),T^^\y,x°)} = -S%x-y), 



{A\{x,x''),fc^f\y,x")} = -Pnx)5\x-y). (51) 

Since we have 

{W'i{x,x"),T^^\y,x")} = ±ieW2{x)S^{x-y), 
{7f(^±)''(f, x"), r^^\y, x")} = TieTt^^^^''{x)S%x - y), 



{i^Kai^, x°), r(^)(y, x'^)} = -ieQemi^Kai^)S\x - y), 
{V^gL(^,a;°),r(^)(^,a;°)} = eY^i;Zi^)S%x - y), 

{^^Aaai^, r(^)(y, X'')} = -ieQem^^LMS'ix - y), 

{^'iL{x,x"),T<^^\y,x")} = eY^i,'il^{x)S%x-y), 

the electromagnetic Dirac observables [having vanishing Poisson brackets with T^'^^x) and 
Vem{x)] are the following quantities, each one dressed with its Coulomb cloud 



g-ieQe^»7.m(a;)^(9)'(2;), e^^^^^-^^^Vffi (2^) , e'^'^'"^^"'^^) V'ffi (x) . (53) 
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The analogous decompositions in the non-Abehan SU(3) case can again be obtained 
from the second paper in Ref. 0]. For the vector potential we use Eqs.(4-13), (4-16), (4-26), 
(4-29), (4-30), (4-31), (4-33), (5-21), (5-24), of that paper to get 



Ga{x) = AABU''\x))dr,f\x) + (Pe^^''('''^'(^)))^B(5B±(x), d ■ ^^^(x) = 0, 



f^AAB{v^^\x))d7]f\x) ■ dx = HB{yi^^\x))dr]f\x) ■ dx 
e^(r^(^)(x),9r^(^)(a;))f/ = ^jfif )(r^(«)(a;)). 



)(r^(«)(x)) = n^M^\x))f^ = (^) r*"'^'''^ Hniv^'^Kx; s))Vr^f\x; s). (54) 







If TjA are coordinates in a chart of the group manifold of SU(3), the matrices AAB{fi) 
satisfy the Maurer-Cartan equations, which can be written in the zero curvature form 
— ^^^^+[ifyi(^), Hsirj)] = 0. We shall use only canonical coordinates of the first kind, 
defined by AAsijOVB = r/A [ so that ^(77) = ^^^^ with {TrfjAB = if^)ABVc = cabcVc]- If 
6a = AAB{i])driB are the left-invariant (or Maurer-Cartan) one-forms on SU(3), the abstract 
Maurer-Cartan equations are dOA = —^cabc^b A 9c', then, by using the preferred line 7,,(s) 
(s is the parameter along it) defining the canonical coordinates of the first kind in a neigh- 
bourhood of the identity I of SU(3), one can define d(^^^)U!A''\ri{s)) = 6*^(77(5)) [d^-y^) is the 
exterior derivative along 7^] with u^'^'''\ri{s)) = Ua''\ti{s))T^ = ^.y^^ Jq'^^^ Tf^AAB{v)df]B = 
(7r;) /Z"*"*''*'' ^^^rj^s"^ = (7^) '^G 1 7,,' where ujg = OaT^ is the canonical one-form on 
SU(3) in the adjoint representation. In our case of a trivial principal SU(3)-bundle 
P{R^, SU{3)) over [fixed x° slice of Minkowski spacetime], it is shown in Ref. that 
Q Aiv^'^K^) 1 (^V^^H^)) Vl^^\r]^'^\x)) are just the extension of these SU(3) objects: in 
the second paper of Ref. [Q], a connection-dependent coordinatization (x, x°;r]^'^\x, x°)) of 
the principal bundle is given with the SU(3) fibers parametrized with parallelly transported 
(with respect to the given connection) canonical coordinates of the first kind from a ref- 
erence fiber over an arbitrarily chosen origin in i?^. The functions ri^^\x,x°) and their 
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gradients dr]\ {x, x°) vanish on the identity cross section o"/ of the trivial principal bun- 
dle. The path 7 is a surface (in the total bundle space) of preferred paths, associated 
with these generalized canonical coordinates of the first kind, starting from the identity 
cross section o"/ till a cross section parametrized by the parameter s, in a tubolar neigh- 
bourhood of CT/. The operator d(^^) is the exterior derivative on the principal SU(3)-bundle 
total space restricted to 7; it can be identified with the vertical derivative on the princi- 
pal bundle and with the Hamiltonian BRST operator. With these conventions, one has 
{., rf (x)} = {., -b^B ■ ^f \x)} = -BBA{v^''Kx))-jiy- [B{r^) = A-\r,)] with the func- 
tional derivative to be interpreted as a directional derivative along the surface of paths 7. 
The longitudinal gauge variables (the non-Abelian counterpart of r/em(3;)) have a compli- 
cated formal implicit expression given in Eq.(4-49) of the second paper of Ref. 0] and sat- 
isfy {r7^^(x, f ^-"(y, = —6AB^^{x — y), where f^''(x) = t''I^\x)Aba{v'^'^\'x:)) are the 
Abelianized Gauss laws [{ff ^(f, fg^^(y, x")} = 0]. In Eq.(|§, AAB{Tl^^Kx))drif\x) is 
the pure gauge part (saturated with dx it is the BRST ghost) of the vector potential Ga{x): 
the magnetic field B^^\x) is generated only by the second term of Eg. (|5^) . In this sense, 
Tq^^\x) = is the true generalized non-Abelian Coulomb gauge with all the same proper- 



ties of the Abelian Coulomb gauge. In suitable weighted Sobolev spaces [0, as discussed 
in Ref. [Q, this gauge- fixing is well defined, since all the connections over the principal 
SU(3)-bundle are completely irreducible [their holonomy bundles (i.e. the set of points of 
P{R^, SU{3)) which can be joined by horizontal curves) coincide with the principal bundle 
itself] and there is no form of Gribov ambiguity (i.e. of stability subgroups of the group of 
gauge transformations for special connections and/or field strengths). In these spaces, the 
covariant divergence is an elliptic operator without zero modes [|10| and its Green function 
(Aj3{x,y; x°) is globally defined 

Dab{x) ■ CBcix,y;x") = ~6acS (x-y), 



ClI (f , y; x°) = c{x - y)Cfi (f , y- x°) = c(f - y) {P '^'■^ci^'^")^? (55) 
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The path ordering is along the straighthne (flat geodesic) joining y and x. 
Therefore, we have 

Tff (x) = -|a-vrf (x) + 7rS(x) = 



d ■ nflix) = D^ix) ■ 7fgL(^) = 0. (56) 
It is shown in Eqs. (5-7), (5-8), (5-10), of the second paper in Ref. that we have 
d-nf\x) = J d'yCfj^{x,y;x") 

^A,D±ix) = J SyW^^AB^^S-y)- 

vrf/(x) = P]^(x)vri%(x). (57) 
Moreover, Eqs. (5-21) and (5-25) of that paper give 



{ifi°l,^(f,i°),rg"(y,i°)}=0, (58) 

Therefore, the color SU(3) canonical pairs of Dirac's observables turn out to be Ga±{x), 
" (c) 

7f^_i_(x). They satisfy the Poisson brackets 

{G\Ax,x"),7cfl\y,x'')} = -5ABPl{x)5\x-y). (59) 

The original momenta can be written in the form 
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with 

C^^\b{.x, y; x°) = c{x - y) 

{Pexp{ fdz- [Qc{r]^''\z,x°)) + (Pe^^''(^^''^(^>°)))cD&±(^-', x°)]Tf (61) 

and with d ■ 'Ka,di.{x) solution of the equation [imphed by Dj^^{x) ■ 'Kb,di.{x) — 0] 

— * 



.X] 



- {Pe'^'^'^^'°'^^^^)ABCBEF{QE{v^''\x^ + (P e^^"(''^'^^(^)))^^G«^(x)) . 

• (Pe^^'^(''^''^(-)))^c^S(^)- (62) 

It is not necessary to solve this equation, since for r^^\x) — and '>{x\x) — [so that 
also drif\x) = 0, n'^^\ri^^\x)) = 0] we get 

— * 

- 1/ • C5&H^,y;^'')[cBGi.G&x(z/)4'2'(l/) - JM], 

^g^\x,y-X) - c{x-y){pj:''-^--^'^'^"^^^Us. (63) 

While in the electromagnetic case it is possible to get the physical Hamiltonian with- 
out imposing the Coulomb gauge-fixing (namely it is obtained by a canonical 
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decoupling of the gauge degrees of freedom ), this is too difficult in the non-Abelian case. 
Therefore, we shall evaluate the physical quantities by imposing the generalized Coulomb 
gauge-fixings ?7^''(x) ~ 0. Conceptually, the canonical decoupling of the gauge degrees of 
freedom gives the same results for the physical quantities. 
Since we have 

rjf = {T^)Aci^^ic.{x)6\x - y), (64) 

the fermionic Dirac observables (with vanishing Poisson brackets with the color Gauss laws 
and with r]^^\x)), dressed with gluon clouds, are 

(65) 

and, by using Eqs.(5-31)-(5-33) of the second paper in Ref. [§] , we have for the quark fields 

i^^'^^\x)a ■ [d + GA{x)Tf]tP^'i\x)^^iG,_^o ^i^^'^\x)a ■ [d + d A±{x)T^]iJ^'^\x) , (66) 

where tjj^'^\x) are the color Dirac observables. Analogously, in the electromagnetic case, one 
has for the electrically charged fermions 

ii,\x)a-[d+-^{W^{x)T- + iy_(x)r+) -zeQer^i (x)]7/.(x)^^_^o 

t^\x)a-[d+-^{W+{x)T^ +W4x)T^)-teQernA±{x)]^{x), (67) 

As shown in Refs. the Noether identities implied by the second Noether theorem, 
applied to the color SU(3) gauge group, give the following result for the weak improper 
conserved non-Abelian Noether charges Q\ and for the strong improper conserved ones 

Qf^=g:'cABc J d^xG%\x,x'>)Gl,{x,x'>) + J d^xJ:A{x,x")= 

= QWa= [d'^.Ef\x,x'^), (68) 
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As shown in Ref. 0, one gets s^^ = —g~'^d„G''/ = Vgj^ = —g~'^CABcG^Gcu + JsA 

/i = one gets F^"* 0], where s^^ [dtiS^sA = 0] is the strong improper conserved 

current and f [<9/if = 0] the weak improper Noether conserved current. One has 

Then, we get [see Eqs.(6-33)-(6-35) in the second paper of Ref. 0|] the following Dirac's 
observables 



C 5 

{GA±ix,x°),Q^B^} = CABcGc±ix,x"), 
{tt^^{x,x ),Q'b'} = cabct^c± (a;, a; ) , 

{#(f,x°),gf } = [Tfi,^'^\x,xn]A. (69) 

Instead, as shown in I and II, the original SU(2)xU(l) gauge invariance is broken in the 
Higgs phase and there is no Gauss theorem associated with it due to the existence of the 
mass for the Z and W± bosons (whose electric fields go to zero at space infinity). Let us 
remark that the second class constraints C^^\x) ~ , C'^^'^\x) ~ 0, of Eqs. (|49|) can be 
rewritten as 

C^'\x) = eQ^MC){x) + m|(l + H{x)fz'\x) ^ 0, 

sm Idyj vtiz 

C^^^H^) = -^Qi^cc)±{x)^ml,{\ + E{x)fw'^{x) ^ 0. (70) 

The three charges 



Q{NC) = I d XQ(^NC){X,X°) 

^ -ml I d^xil + 1 H{x,x°)fz'°{x,x"), 

J sin 20ui rnz 

Q{cc)± = J d^xQ(^cc)±{x,x°) = 
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1 

sin 9w 



^ n MW+Y 1 

- (A + cote^z )-^' ^') + 



^ -m^^ / + — — (71) 

J sin 20w mz 

are not constants of the motion as can be checked by evaluating their Poisson brackets with 
the Hamiltonian resulting from Eq.(^B|) after the elimination of the gauge variables Z'°, W^, 
by using Eq.(^) and with A^^^(x) = \^^\x) = 0. Here, there is a difference with the result 
in II: in the SU(2) Higgs model the 3 second class constraints are a vector under SU(2) 
and generate global SU(2) transformations under which the Hamiltonian (a SU(2) scalar) is 
invariant, so that there are 3 conserved charges. Here, the mixing with the Weinberg angle 
implies that the 3 second class constraints (^) generate global transformations under which 
the Hamiltonian is not a scalar due to niz 7^ and due to the mass terms of the fermions. 
It is not clear, at the mathematical level, which is the distinction between second class con- 
straints generating conserved quantities like in II [it would correspond to the first Noether 



theorem hidden in the second Noether theorem describing local gauge transformations |]T7 



extended to include the local Noether pseudogauge transformations generated by the sec- 
ond class under which the Lagrangian is invariant modulo those acceleration-independent 
combinations of its Euler-Lagrange equations corresponding to these secondary constraints 
||T7| ] and second class constraints not generating constants of motion like in this case. 

By adding to these non conserved charges the constant of the motion corresponding to the 
electromagnetic charge [the second Noether theorem implies that the strong improper 
conserved charge Q(s){em) = / d 'E ■ 7f is connected through the Gauss law T^'^\x) ^ of 
Eqs.(|49|) to the weak improper conserved charge Q(em) = / d^^[j{em.) + " 7?^'^+) — W- ■ 

7r(^-))]=g(.)(e^)] 

Q(eH = / d'x[i{W^ ■ - W_ ■ ^^'^'^') + j(° ^)](f , x°), (72) 



one finds that these four charges satisfy the algebra 

Qlv = -^{Q{cc)+ + Q{CC)~), 
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Qw - --^{Q{CC)+ - Q{CC)~), 

= sin 6 

wi^sin 6 wQ [em) COS 6ujQ [NC)) 1 

Qy^ = COS 9 



{Q{em.),Q(NC)} = 0, {Qiem.),Q(CC)±} = =F^<5(CC)±, 

{Q{NC),Q{cc)±} = T'icot6u,Q(cc)±, 

{Q{cc)+,Q{cc)-} = -i{sin^ Ot^Qi^em) + sin6y,cos6^Q(^NC)- (73) 

Therefore, the charges satisfy a global su{2) x u{l) algebra, even if only the electromag- 
netic charge is conserved (custodial symmetry). 

However, if we go to the electromagnetic Coulomb gauge by adding the gauge- 
fixing fjemix) ~ [d°fiem{x) ~ implies X^/^\x) = in Eq.(^Sp] and we 
define the associated Dirac brackets {a{x,x°), P{y,x°)}* = {a{x,x°), l3{y,x°)} + 
/ d^z[{aix, x°), r(^)(z, x°)} {r],Uz, a;°), m ^")} 

{a{x, x°),r]em,{z, x°)} {T^^\z, x"), P{y, x°)}], we find that the charges have their al- 
gebra modified. In particular, since {Vem^ix, x°),Q^cc)±} = Ti I d^y ^^'Zj^--^"^ ' 
{r(^)(f,a;°),Q(cc)±} = -^eQ(cc)±(^, a;°), we get {Q{cc)+,Q{cc)-}* = {Q{cc)+,Q{cc)-} + 
e J d^xd^yj^^^^{Q^cc)+{x,x'')d ■ W+{y,x'') + Q(^cc)-{x, x°)d ■ W_{y,x°)). To recover the 
algebra of charges in the Coulomb gauge, one should redefine the charges. 

This means that, due to the Weinberg rotation, fjem{x) is not the natural variable con- 
jugate with r'^^)(x), if we want to preserve the charge algebra. It turns out that if we define 
the canonical transformation 

r\em{x)^ rierrSS^) = Vem{x) + tg ■ Z (x) = 

= -^d ■ (A (x) - tgej (x)) = -^d ■ V (x), 
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r(^)(x)h^r(^)(2;), 

Z [x]^ Z (x), 

^(^)'(a;)^ = ^(^)'(a;) _ tge^^^^\x) ^ 7f(^)'(x), (74) 

and we impose the gauge-fixing r\^^{x) ^ [this means that the electromagnetic Coulomb 
cloud is replaced by a hypercharge cloud, associated with an effective hypercharge field 
V (x)], then, since {^^^^(a;, x°\ Q{cc)±\ = 0, the su{2) x u{l) algebra of charges is preserved 
at the level of Dirac brackets. 

The new variable fj' (x) implies that the first of Eqs. (^Dj) is modified to 

A (x) = Mx) + d[f,:jx) -tge^^d-Z (x)] 

~* d ^' 

^fjU^)^o M^) - tge^-d-Z ix), (75) 

and that, to get the generalized Coulomb gauge, we have to add the gauge-fixings fj'emi^) ~ 0) 
Va^\^) ~ 0) whose time constancy implies Xao{x) = X^^^^^x) = in Eq. f^Sf ). 

VII. DIRAC'S OBSERVABLES FOR THE STANDARD MODEL 

In conclusion a canonical basis of gauge variables for the standard model is 







Va (a;), 








^(^)'°(x). 










f^(^)'"(x). 








w:^%x), 


7f(^±)'''(x). 






(76) 



The associated canonical basis of Dirac's observables is [on the SU(2)-singlets one has 

em ^^^] 

G±a{x), vr^^(a;), 
A±{x), TT±ix), 
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H{x), TCnix), 

= e^^^'"(^)^-[Pe^'''(''''"(^))]V^Sj^ (x). (77) 

Note that the fermion fields ipj^j, 'tp^i, are dressed with clouds of would-be Goldstone 
bosons 9a{x), which also contribute to the definition of the fields A±{x), Z{x), W±{x), 
through Eqs.(II) and the first of Eqs.(^. 

The Dirac's observables for the fermionic charge densities are [one has iT^ = 

sineu,{sin0u,Qem + cos6y,Qz), iYy, = cos 6y,{cos 6y,Qem - sinOyjQz)] 
jlm)ix) = ^i']^(x)Q,^^g(x) +^gHx)^F^V^g(x) + 

+ ^i?t(a;)Q,^^i?(x) + 4f (x)^F^4^ (x) + ^2V)^F^^l,t (^), 



JiNC)i^) = ^Wi^)Qzm^) - t^7e.^S^(x)zF^V^S(x) + 

+ i;ifix)Qz^[iix) - tge^i^'^i\x)iY.J^i{x) - tg oj'^^ {x)iyJ'^^{x), 



Ticosi^) = ^W{x)^T^^il{x)+^[f{x)^T^^^i{x) = 
= sm6'^[sm6'u,j(g„)(x) + cos Ou^j (Nc)i^)]^ 

TyAx) = V^if (x)^F.^«(x) + V^S^(x)^F.^S(x) + 
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+ V^if (x)^F^V^if (x) + (x)zF^V^if (x) + ^^f (x)zr.^^t(^) 



cos 



9w[cos 9wj (^^^^{x) — sinOujj (^i^c){x)], 



J^Ti^) = (x) + (x)^TMt (^) + i'R-i^)^Tfi't{x), (78) 

whose expression in terms of the physical mass eigenstates Ug, ...,e, ... coincide with Eqs.(^). 
By collecting all the previous results, by using Section 6 of the second paper in Ref. 



[especially Eq.(6-27)] and by using the following notation for the non-Abelian counterpart of 

AG) 



c{x — y) = -^6^{x — y) [see Eq.(3-25) of that paper; one has D ^^{x) ■ D ^fj{x)C^^l,j^{x, y; x°) 



—^AD^^ix — y) and, if one puts equal to zero the structure constants cabc^ this equation 
becomes ACf^^"^{x, y; x°) = 6abS^{x - y) so that C^a^ (x, y; x°) = 6abc{x - y)] 

c{x-y) = ^6^{x-y) = -— ^ — ^, 
A 47r|x — y\ 

C£k^i' x") = Sab c{yi - - 

-2 j (fz c{yi - z) [d^c{z- ^2)] cauv Gv±{z, x°) Cu^b\z, y2] x°) + 
+ j £zjh2 c{yi - zi) [d'^^ciz, - ia)] [d^,,c{z2 - m)] 

CAUR G'kA^i,x") Cifv^\z,, Z2; X°) CVTS 61^(^2, x°) CiS"^(^2, x"). (79) 

we obtain the physical Hamiltonian density in the generalized Coulomb gauge fi'emi^) = 
'r]A^\x) = [we also rescale the SU(3) vector potential Ga±{x) = gsGA±{x) so that gg now 
appears in the field strength]. It consists of four pieces 

'Hphys{x) = Hoix) + Hmagnix) + Usdfix) + 9Qtop{x) (80) 

i) The field kinetic terms and the linear couplings of the bosonic fields to the fermions 

1 r,(G')2 1 r.(l)2 1 r,(l)2 +) ^{W ^) 

'Hoix) = ^Y.^A± (x) + ifi. {x) + if {x) + (a;) ■ ^ {x) + 
+ + H{x)fWAx) ■ W.{x) + 

+ 1^(1 + H{x)rz\x) + 

2 sm 2Uu,mz 
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+ -hl(x) + 0H(x)?] + -ml H\x)il + 

+ i^'fi\x)[ia ■ + -^(W^(x)T- + W4^)T:) - 



H{x)f + 



ieQemiM^) - tge^^d ■ Z(x)) - ieQzZ(x))]7p1l(x) + 



+ ^g^(x)[ia • {d + — -tg9^^d-Z{x)- 

cos Uu) ^ 



-tg9j{x))Y^M^i{x)- 



+ V'if • {d + gsGA±{x)Tf + -^{W+{x)T- + W.{x)T;^) - 



sin 29yjmz 



H{x)) 



+ i^{x)M§^ ( 1 ) ■ ^g(^)] + 



-(0 



',(0, 



sin 9, 



d 



- teQe^{A^{x) - tg9^^d ■ Z{x)) - leQ z Z {x))]^^^^^ (x) + 
+ V-if ■ + gsGA±{x)Tf + 

+ -A-{A4x) - tg9^^d ■ Z{x) - tg9j{x))Y^)]^P^i{x) + 



cos 9u. 

+ i!^R!{x)[ia ■ {d + gsGA^{x)T^ + 



d 



+ TriM^) - tg9^-d ■ Z{x) - tg9^Z{x))Y^)]iPj,, (x) - 

H{x)) ■ 



cos 

-(1+ 



sin 29y,mz 



+ i>Lhx) ■ 



M\fi^%{x) + i^{x)Mlf' ( 1 ) • ^g(x) + 



1 ^ ^(G)2 
2 



1 ^(^)2 



+ m^(l + 



sm 29u,mz 



H{x)fW+{x) ■ W^x) + 
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1 2 /-, |e| 

_|_ —777, ( 1 -| — 

2 sin 29yjmz 



H{x)fZ {x) + 
1 



+ ( i/("*)t(x) i>("^)t(x) J ia ■ d-{l - 75) 



H{x)f + 



+ 



+ I e("^)t(x) /i("^)t(x) f("^)t(x) 







[ia • a + + — 



sin 29u,mz 
+ ( u^"''^^{x) c^"''^^{x) f'^'^^ix) 



H{x)) 



[ia-d + (3{l + — 



sin 29yjmz 

+ ( s^^)\x) U^^\x) 



H{x)) 




m. 



niu 




e(™)(a;) 
/x('")(a;) 
f('")(a;) 



+ 



^0 mt J 



u 



(m; 



)(a:) 



c(™)(x) 



+ 



sin 29yjmz 



H{x)) 



ma 




^ mb ^ 



x) 



+ 



d 



+ 9sGa±{x) ■ Jsa{x) + e{A±{x) - tg 9^,-8 ■ Z{x)) ■j(^em){^) + 



+ eZ{x)j^Nc){x) + —-E-{W+{x) ■3^cc)-{x)+W-{x) -J^co + i^)- 

O LI b \J ■ 



(81) 



Let us remark that the right fermions couple to Z±{x) — Z{x) + -^d ■ Z{x) in this 



generahzed [Vemi^) = 0] g^-^g^- 

ii) The magnetic bihnear, trihnear and quadrihnear terms [B^^^^ — —e^^^d^A^^ ^C-^)* — 
-frijkQjz" ^ Bi'^±)i ^ _^ijkQj^^^ ^ -Ifijky^jk "Abchan" magnetic fields, while 

for the color non-Abelian magnetic field we have \ (^) = *9*G'^^(a;)(9*G^_|_(a;) + 



2gsCABcd'G^^ {x) G s± (x) Gc± (x) + IqIcabccauvG b± {x)Gc± {x)Gjj± (x) Gv± (x) ] 
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1 ^(Gx)2 
'Hmagn{x) = - XI A (^) + 
^ A 

+ -B (x) + -B (x) + B {x)-B (x) + 

+ ie[W+{x) X ■ {B (x) + cot (x))] + 

+ ie{A^{x) - tg 9yj—d ■ Z{x) + cot 6y,Z{x)) ■ 

[xW-{x)-B {x)-xW+{x)-B (x))]- 



2 "-2^2 

[W^{x)W_{x) - {W^{x) ■ W-{x)f] + 



— * 

+ e^[#+(x) •#_(x)(ix(^) -t^^«,^9-l(x) + cot^^l(x))^ 
- W+{x) ■ (l^(x) - tge^^d ■ l(x) + coteJix)) ■ 
#_(x) • (I^(x) - tge^^d ■ l(x) + cot ^^l(x))]. 



) The nonperturbative terms with the self-interactions {y" = x°) 

J (fxHseifix) = -la! J d^xd^y 



[carsttr^{x) ■ Gs±{x) + Jsa{x)] 

^a,ab{^i y'l ' 

[cBuvTTu±{y) ■ Gv±{y) + Jssiy)] + 



+ d^xd^y 



[l{W+{x) • TT (X) - W_{X) ■ 7C (X)) + J(,„)(X) 
1 



47r|x — y\ 



[i{W+{y) • Tf (y) - W^{y) ■ n (x)) + + 



+ lJ dVy 



[a-7f (x) - iecot5^^„(H^+(x) • TT (x)-H^_(x)7f ( 
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ej(ivc)(a^)] 

[a-TT (y) -iecoi^^^(W^+(y) -Tf {y)-W^{y)TT {y)) 

ej(NC){y)] + 



+ j (fxcfy 



{d • n {x) + ie[W+{x) ■ {Ttj_ {x) 



[i{W+{x) • ^ ' (x)- W4x) ■ ^ (a;)) + J(eH(a;)] + 



+ 0016^71 {x)) - {A^{x) -tgOy^—d ■ Z{x) + 

+ cot 9yjZ{x)) ■ TT (x)] — 



e ~o 



w 

1 



+ H{x)y ^ ^' 

{a-7f (7/) -ie[l^_(|/) ■ (tt^ (y)- 
- e-^[i(iy+(y) • TT (y) - W ^{y) ■ tt (y)) + j(en.)(y)] + 

+ cot e^TT (y)) - - tg ■ Z{x) + 

+ cotey,Z{y))-n (y)]- 

J(cc)+(2/)}- (83) 



sin 

iv) the topological term 

Qtop = -9s J d'xBf\x,x") ■ + 

+ CABcGc±{x,x")^ Jd'yd, ■ cS!,{x,y;x°)J:M^% (84) 

There is a relevant asymmetry between the electromagnetic and color (massless fields) 
nonperturbative self-energies, which are "nonlocal" (more exactly bilocal), and the weak 
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(massive fields) ones, which are "local": at the classical nonperturbative level, the Fermi 

XO X.O ~0 iO 

4-fermion interactions j (^NC)i^)j {NC)i^) ^^"^ J {cc)+i^)j {cc)-i^) reappear, notwithstanding 
that they had been eliminated from the "tree level" 

If one would add the not-Lorentz-invariant terms —^dZ'°(x)-dZ'°{x)—dW'^{x)-dW'j'{x) 
to the Hamiltonian density (^) [the same terms with the opposite sign to the unitary 
gauge Lagrangian density (|2ll) ], then in Eqs.(^9l) the coefficients of Z'°{x) and of W^{x) 
would become A + m|(l + —4^H{x)f and A + m^(l + —^t^H{x)f respectively, 
and the last two terms in Eq.(|83|) would become bilocal (like the non-weak ones) with the 
expected massive Yukawa Green functions for the weak self-energies in analogy with the 
electromagnetic and color massless ones. Once the model will be reformulated in a covariant 
way on spacelike hypersurfaces, this modification can be done in a covariant way. 

Let us remark that if, in analogy to I and II, we add the holonomic constraint H{x) ~ 
to the physical Lagrangian with a multiplier A(x), then its time constancy would imply the 
constraint 7r//(x) ~ and d°T[H{x) ~ would determine \{x). Therefore, it is consistent 
to put H{x) = tth{x) = in the physical Lagrangian: we would get the Hamiltonian 
corresponding to treat the fields Z^{x) and W!^{x) as massive vector fields (Proca field 
theory) with masses mz and my/ = cos OwTtiz respectively [see the discussion in I and II] . 

The elimination of H{x) can also be thought as a limiting classical result of the so- 
called "triviality problem" [triviality of the theory which however would imply a 
quantization (but how?) of the Higgs phase alone without the residual Higgs field, so that 
also its quantum fluctuations would be absent. Instead these fluctuations are the main left 
quantum effect in the limit rriH oo, which is known to produce [^, in the non-Abelian 
case, a gauge theory coupled to a nonlinear SU(2)l x SU{2)ji a-model, equivalent [^ to a 
massive Yang-Mills theory. 

Finally, let us note that the coupling to the Higgs field H{x) is always proportional to 
the charge- mass ratio |e|/sm26'u,mz. 
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VIII. PHYSICAL HAMILTON EQUATIONS. 



Instead of evaluating the physical Lagrangian [it can be made with the inverse Legen- 
dre transformation like in Ref. which is not particularly illuminating being even more 
nonlocal of the physical Hamiltonian, we will present the physical Hamilton equations 

However, before doing that, let us introduce the following notations: i) the charge den- 
sities appearing in the self-energies (P3| ) are those of Eqs. (0), ([7^), speciahzed to the 



generalized Coulomb gauge, and satisfy the su{3) x su{2) x n(l) algebra [see Eqs.(^^ and 
([7|)]. They will be denoted as [(<9/A) ■ /(f) = J d^yc{x - y) ■ f{y), c{x) = x/47c\x\^] 



Q(em)(a;) = +i[Vr+(x) -fr {x)~W_{x)-^ (x)]. 



Q{NC) {x) = if^NC) (a;) - e 9 ■ vr (x) + 

+ iC0teu,\W+{x) ■ {x)-W-{x)-Ti (x)]. 



Q{cc)± {x, x") = i(cc)^ - e sin 9^8 ■ vr (f , x°) ± 

± ism [ly =p • (tt^ + cot OwTx ) — 

^ iesinO^W^x.x") ■ / d^z—— — -3 Q(em) (£, x°) 

47r X — z\ 



gf) = Jd^xQsA{x,x"), 

Q(em) = J d^xQ(em)ix,X°), 

Q{NC) = J d^xQ(^NC){x,x''), 
Q{cc)± = J d^xQ^cc)±{x,x°), 
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Ql = -^{Q{cc)+ + Q{cc)~] 



Qw = --^{Q{CC)+ - Q{CC)-), 

= sin 9 

Qy^ = cos6^{cos 6u,Q{em) " siu 6 c)) , (85) 
so that Eq.(^) may be rewritten in the form 

Hself = J d^xHself{x,X°) = 



= -^g', J dVyQsAix, x°) cf ik^, Qssiy, x") + 
1 f ■ ~ 1 ^ 

+ 2^ y d^xd-^yQ(^em){x,X°) ^^^^ _ Q{em){y,X°) + 

+ [ d'xd'yQ^Noix, x°) ^'tl'^L- o^^2 ^i^^M + 

+ I dVyQ^cc)+{x,x") ^'^H~^L^ ^^2 Qiccyiv,^"); (86) 

Therefore, the weak self-energies contain the densities of the neutral and charged charges 
Q{NC)^ Q{cc)±'- even if these charges are not constants of motion, the associated charges 
Qwi Qy^-i still satisfy a su(2)xu(l) algebra in this generalized [fjemi^) = 0] S^-^ge [this is the 
reason why we choose this gauge rather then the standard Coulomb one fjem{x) = ]. 

The derivatives of -ffsez/ with respect to the charge densities , which will be left implicit 
in what follows, are 



SQsAix) 



-g] J d'yCfX^ix, y- x^) Q^siv, x°), 



SHself _ ^2 f £y Q{em){y,X°) ^ 



5Q{em){x) J 4:7r\x-y\ 



o3 



. /■ ,o X — y 

+ / d^y 



sin 9^ J ''47r|f-y|^ 
#_(y,x°)Q(cc)-(y,a;°) - W+iy,x°)Q^cc)+iy,x") 



+ ^ H{y,x")y 

2 



SQ^^oix) m|(l + -J£-i/(x)) 



sin 2dwmz ' 
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The Hamilton equations are [Hphys = J d^xHphys{x,x°) = + H^agn + Hg^f + OHtop] 
let us remark that Htop — / (PxQtcp{x,x°) contributes to the reduced equations of motion 
for Ga{x), tt^ (x), since the reduced topological charge is no more a surface term: the 
phenomenological result 6' ~ may be rephrased as the absence of these terms in the 
equations of motion] 



~(G)i,-, o\ 



-eglPl{x)Bf^\xXl 

<f ^{x, xn = ^1, Hp,y,} = = 

= P'^{x){D^f{x,x") X - ^CBDcGD±(f,x°)) X Gc±(x,x°)] y + 

+ ^,Pi^(f)Ji,(f,x'')- 

-glP'/{x)cABC^fl\x,x") J d'yCf^^U^,y;x")Q,D{y,xn- 

- I dh£yQ,s{z, xo) ^^^'f ^''^ + 

- cacbP1{x)bP\x,x")^ J d'yd, ■ C^^j,^\x,y;x°)JUy,^") ' 



ccBE [ d'zBa\z, x") ■ Gei_% x°)^ [ d'yd, ■ ^^^IM^ ^o) ], 



d'' AAx,x")^{AAx,x"),Hpr,y,} 



^Hpfiyg 



= -TT^ (X, X°) 
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? — : — I \X] 



8A^{x,x°) 

= AA^(f, x°) + ePl^(f)J(,^)(f , x") - 

- P'l{x)[ie{W - X B -W+xB y {x,x°) - ie{d x [W + xW J\y {x.x") ^ 
+ e2[2(ll - ic/ a • x") + coi • - 

- {w\w_ + W_W+) ■ (Ix - tgO^^d- Z{x,x°) + coi ^^l)](f, x°) - 



d° Z\x, X") = {Z\x, X"), Hj,hys} = - 



TT^ ^ (a;,a;°) 



+ H(x, x'^W 

_ . e'^cos W_ (x, x") Q^cc)- (x,x'^)- (x, x") Q^cc)+ (x, 
'sin^e^ m^^{l + -^Hix,xo)r 

^7^'^'\x,x°)^{^'^'^\x,x°),H,^ys}- ^^^'^^^ - 



5Z {x, x") 

= Az\x, x") + d'd ■ Z{x, x") + ej\j^c)ix, x") + 



+ m|(l + Hix, x"))'Z (x, x") + 

+ iecot 0^[W^ xB - W)+ x B Y{x, x") + 

+ e'^cot9^[2{A\-tg9^—d- Z{x,x°) + cote^Z )W + ■ W_ - 

- {w\w^ + W_W+) ■ [1^ - tgO^^d- Z{x,x°) + cote^Z)]{x,x'') 
_ e cos 9^ ITT Q(cc)- - ^7^ Q{cc)+ ,^ , 



+ 



tg j d?y 



sin 26wmz ' 

d'd-F{y,x") 
ATr\x — y\ ' 
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with 



— * ^ t 

F(f,a;°) = ej(g„)(f,a;°) - 
-[ie{W^xB -W+xB y{x,x°)-ie{dx[W+xW_]y{x,x°) + 
+ e^[2{A^^-tg Z{x,x'') + cot9^Z)W+ ■ W_ - 

- {W^W + • (ix - tgO^—d- Z{x,x") + cot^^Z)](f,a;'') - 



^Hpfiyg 



+ 

sin26^mz ^ 



= A#'^(f , x") + • #^(f , x°) + -^j;^^) (f , x") + 
+ m^(l + —4^^ , x'')fw\{x, ± 

± ie[iy^ x{B + cot 0^B )Y{x, x") ± 

± ie[2(A^ - tg ■ Z{x, x°) + cot e^Z) xB )' + 

+ W (cot Oyjd ■Z)-W^- d\A± - tg e^^^d ■ l(f , x°) + cot ^^1)] (f , x° 



[t^^iy - W W+ ■ W-\ {x, X°) + 



sim? 9, 



+ e^[W^{A^ - tg ■ x'') + cot9^Zf - 

— * 

- (11 - tg 9yj—d ■ Z{x, x") + cot 9^Z) 
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d 



■ {A±-tge^—d-Z{x,x°) + cotey,Z)]{x,x°) ± 



± ie cot 9,, 



A.'k\x — y\ 
Q(cc)±(i^,3:°) 



47r|x — i]' 



/ 



{x-y)-W^{y,x°)Qicc)^{y,x°) x^^) 



df H{X, X") = {H{X, X°),H,^ys} = TZr^^ = M^: 



d° 'KH{x,X°) = {'KH{x,X°),Hphys] 



Snnix, x°) 



6H{x, x") 



= A^H{x, x°) - m]jH{x, x°){l + 



H{x,x'')f- 



2sin 29yjmz 



2sin 29u,mz 
|e| 



(1 + 



2sin 29wTnz 
H{x,x°)) 



+ 



sin 29wmz sin 29y,mz 

[mlZ {x, x°) + 2m^iy+(f, x°) ■ W-{x, x°)] + 

|e|e" 1 

4sin29^mz (1 + -J| H(x,x°)y ' 



sin 29^mz ' 
[ — 2^'iNC)i^^^") 2 • on 

^ m^^sin^9w 



^m. ^ 



sm 29wmz 



[ g^^^x) ^^"^^(x) f^"^^(x) /9 











+ 



rriu 








\ 


^ u^"'\x) ^ 







rric 







c^-^\x) 


+ 


. 







1 


^ i^'^\x) ^ 
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^ TTld ^ 

rus 
^ rub ^ 



s^"'\x) 
U'^^x) 



id" {x, x'^) ^ {V'S {x, X'^) , H,,ys} = 

^td-[d + -^{W+{x, x")T- + W.{x, x")T+) 

- ieQemA±{x, x") - tg ■ Z{x, x°) - 



ieQzZix,x"M]ix,x") 



(1 + 



sin 29yjmz 

2 / r3 Q{em){y^ X° 



H{x, x°))(3 



Mf^M{x,x'^) + 



+ / dfy 



47r|x — y| 



+ 



^ V sin 26w'mz ^ ' 



sin^e^ mUl + ^ H) 



f,x°)^g(f,a;°) + 



4n\x-y\^ m^(l + -^H{y, xo)y 



Qem'4^Liix, X°), 



^td-[d + ^— (ix (f , x'') - tg e^-d ■ Z{x, x") 



COS 



'A 



+ - 



+ 6^1 d'y 
- eHg e. 



sin 29yjmz 
4Tr\x — y\ 

Q{NC){X, X°) 



H{x,x"))PM^^^ (^0 iyi^i]'{x,x") + 
tY^^^^^ix,x°) + 



+ ^ H(x, 



sin2d-uimz 



sin 9-, 



A7r\x-y\^ ml^il + —M_h{x,x")) 
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^ia-[d + gsGA±{S, x")Tf + -^{W+{x, x°)T- + 



d 



-ieQzZ{x,x''0l}{x,x'')- 



(1 + - 



sin 26wmz 



H{x,x°m 



9l 



QiNC){x,X°) 



+ 



+ 



J ^ A^\x-y\^mUl + T,^,H{y,xo)y ' 



■^fl{x,x°) + 



sin 9,, 



id'^ ^^i{xX)^{^^i{xxiH,^,,}^ 

^id-[d + gs&A^{x, x°)Tf + 
+ x'^) - tg e^^d ■ Z{x, 

cos Oyj A 

-tg9j{x,x"))Y^]ip]^J{x,x")- 

- (1 + H{x, x"))PM^f ( 1 ) • , x°) + 

, 2 /■ 73 Q{em){.y,X°) w) 

J ^ y^Zih — —'^^wWm {x,x )- 



- eHg 9y 



+ 



Att\x — y\ 

Q(NC) (x, x°) 



iYj'i}{x,x") + 



m|(l + 



sin 2dn>mz 



H{x, x°)y 



sin 9,, 



[x-y) ■ \iW.Q(cc)- - iW+Qi^cc)+M^°) 
47r|f - y|3 m2^(l + -^^H{gxo)f 



iYyjip]^j(x, x° 
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ipjii{x,x") = {^Ri{x,x"),Hphys} 



^ia-[d + gsGA±{x,x")Tf + 

+ -^{A^{x, x") - tg ■ Z{x, a;°) - 

cos Uw A 

- tg 9yjZ{x, {x, x°) - 



H{x,x''))(5Mlf [ 1 ) + 



sin 29yjmz 



Q(em){y-, 



X 



- ehg 9y 



+ 



Q(NC) (X, X°) 



m|(l + ^| Hix, x°))2 

V sin2dwmz ^ ' 



sin 9, 



I 



[x-y)- \iW.Q(cc)- - iW+Qi^cc)+]{mx°) 



47r|f-^|3m2j,(l + 



sin2dwmz 



H{y,xo)y 



id° 



• {d 



sin 29, 



-Z{xX))^ 



( . 

V. 



+ — 



5^^261^ m|(l + 



sin2dwTnz 



H{x, x°)y2 



(1 - 75) 



\ 



+ —^[a-W4x,x")+ ^ 



v^^^x^x") 
i>i"'\x, x") 

Q(NC)ix,x") 



+ 



sin 9,, 



2(1-7.) 



\ 



e('")(f, x") 
^^"'\x,x") 



2cos9yjml{l+ . 

\ 



H{x,x°)f 
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— le 



2s%v? 1(1 -75) I 



id ■ {d — ieA±{x, x°) — tg 6*^—9 • Z{x, x") — 



+ e' 



sin 29 
sin 26yjmz 



Z{x, x°)) + 
( 



H{x,x")) 




























/ d 



47r\x — y\ 



2sm2e^- 1(1-75) 



+ ^ H{x,x'>)y 

V sin2d-w'm,z ^ ' 



sin 2^, 



+ 



+ 



sin 9, 



I 



,3 {x-y)- [iW .Q^^cc)- ~ W +Q(^cc)+]{y,x' 
a y 



4Tr\x-y\^ m^(l + 



H(x,x")) 

/ 



3(™)(f, X") 

jl^'^\x, X") 

\ 



+ - 



Q.{cc)- {x, x°)iT+ 



sin'' 9^ mUl + H{x, xo)^ 2 



T^(l-75) 



i/('")(f, x°) 
i>l^\x, x") 
^i'i^'^x, x°) ) 



\ 



^('")(f, x°) 



+ 



.2 ^ 



:[z(3-(a + ^,G^^(f,a;°)T/ + 



d 



+ i-eix(f , - tg 9^—d ■ Z{x, x") 



sin 29,. 



sin 29wmz 



H{x, x")) 



\ 



rriu 
mc 
^0 rrit ^ 



gl I dhtT^ciiUx,y;x'')QsB{y, 



X 



2 2 f ^3 Q{em){y, x°) e'Q(NC){x, x°) 1(1 - 75) - pin' 9^ 

rJ ^4vr|f-y| ml{l + -^H{x,xo)r szn29,., 



sin 26^vfiz ' 
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2e^ 



Ssin 9, 



f^s {x-y)- \iWMicc)- - ^W+Q(cc)+W,^'') 



(m 



X°) 



t^"'\x, x") 



+ 



Q(cc)+(^,a;°)T^ 



+ — V[a • 2;°) + n 



-(1 - 75) VcKM 



x°) 



id" 



x") 



[ia-{d + gsGA±{x,x'')Tf 



- i^el^ix, x") - tg e^^d ■ Z{x, x") 



sm 20,1, 



sin 29wmz 



H{x,x°)) 



^ rud ^ 
^ rrih ^ 



- gl j d'yiT^cfxUx, y; x^QsBiy, + 



+ 



^ sin^Oyj - 1(1-75) 



47r|f-y1 ml{l + -^H{x,xo)Y 



sin 29„ 



+ 



+ 



Ssin 6, 



f ^3 jx-y)- [iW-Qj^co- - iW+Q(cc)+]i.y^x°) 
J ^ A^\x-y\^ml,{l + -^^H{y,xo)f 



X — * 

dhcABcBj, {y, X") ■ GcAy, x")^ ■ &{y, x; x'^)iT^ \ 



U'^^x, x") 



+ —^[a-W4x,x") + 



Q(cc)-{x, x")T+ 



sin 9-, 



sin 9^ mUl + H(x, x'^))^ 
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iS'^\x, x°] 



\ 



c^"'\x,x°) ■ (88) 

One could deduce the Euler-Lagrange equations from here without making the inverse 
Legendre transformation to find the physical Lagrangian. See Ref. [^] for the form of the 
reduced second order equation for the transverse Yang-Mills field (formulated on spacelike 
hypersurfaces) when only the color SU(3) field is present. 

Let us remark that, like in papers I and II, if we assume that the Higgs field II(x) is a 
weak nearly constant field [H{x) ~ 0, d°H{x) ~ 0], from its equation of motion we get the 
following restriction on the bosonic field Z{x), W±{x)" 

[m|Z + 2ml,W+ ■ W^]{x) = 

= ml[Z +2cos'^e^W+-W^]{x) ^ 

-2 4 - ^ 

■Q{cc)+Qicc)-]ix) - 



me 







m, 



+ ( iL^'^^x) 6'^"'\x) r\x) ]I3 



^(m) 



+ [ t\x) |(")(a;) h-"'\x) 1/5 



m„ 
m^ 
mt 

mrf 
m, 
m;, 
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fi 
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x) 




(x 


)] 


c(™) 








(x) 






(x 


A 




(x 


) 
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(89) 



Finally, one should check that the dressed (Dirac observable) charges Qv, Qa, Qv,Aj Qa,a-i 
corresponding to Eqs.(^), are constants of the motion in the limit m^ = m^ = m., = 0, 
^13 = ^23 = (^13 = 0, and that the strong and weak chiral symmetries are verified in the 
appropriate hmits. 
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IX. CONCLUSIONS. 



We have given the missing complete Hamiltonian treatment of the standard model of 
elementary particles in the Higgs phase. A canonical basis of Dirac's observables for the 
electromagnetic, strong and weak interactions has been found and the noncovariant canonical 
reduction (the generalized Coulomb gauge) has been done. We have evaluated the physical 
noncovariant, nonlocal and nonpolynomial Hamiltonian. An unexpected result is that the 
self-energy terms of the weak interactions, associated with the Z and W± bosons, are "local". 
Therefore, the Fermi 4-fermion interaction reappears at the nonperturbative level after the 
solution of the Gauss laws in the Higgs phase and the elimination of the unphysical degrees 
of freedom. It is interesting to note that, even if only the electromagnetic charge is conserved 
(custodial symmetry in the electroweak sector, at each instant there is a global su(2)xu(l) 
algebra of non conserved charges. 

This physical Hamiltonian appears as the final stage of the reduction of the non- 
renormalizable unitary gauge. To go to the quantum level, one has to learn how to quantize 
this nonlocal and nonpolynomial field theory. Since the Hamiltonian is bilinear in the mo- 
menta, with a nonlocal and nonpolynomial coordinate-dependent metric connecting them, 
the natural technology to apply for the canonical quantization seems to be the one used 
for field theory in curved spacetimes. Moreover, as said in the Introduction, one now has 
an intrinsic classical unit of lenght (the M0ller radius) to be used as an intrinsic physical 
ultraviolet cutoff in the spirit of Dirac and Yukawa. 

However, before trying to quantize, we have to covariantize the generalized Coulomb 
gauge (see the Introduction) and to unify the standard model with tetrad gravity at the 
classical level [see Ref. [^]: since in the asymptotically flat case one can define the same 
classical unit of lenght in terms of the asymptotic Poincare charges, one would have a unified 
description of the four interactions with a universal ultraviolet cutoff and a physical nonlocal 
Hamiltonian bilinear in the momenta. 



As in the cases of papers I and II, the covariant R-gauge- fixings [Q, of the type 
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d'^Uaix{x) + ^9a{x) 0, used in the proof of renormalizability and in the evaluation of 
radiative corrections, are ambiguous hke the Gauss laws: they can be solved either in the 
Higgs fields (would-be Goldstone bosons) 9a{x) [Higgs phase] or in Uao{x) [unbroken phase] 
or in a mixed way [the other mixed phases]. It turns out that in the proofs of renormaliz- 
ability one is mixing all the existing disjoint phases (the only physical ones are the Higgs one 
and, maybe, the unbroken phase, which could be relevant in cosmology; all the mixed non- 
covariant phases are unphysical), and only at the end, in the limit ^ — > oo, one is recovering 
the Higgs phase. 

As said in the Introduction, the covariantization of these results can be done by refor- 
mulating the theory on spacelike hypersurfaces in Minkowski spacetime. However, before 
getting it, one has to end the study of Dirac and chiral fermion fields on spacelike hypersur- 
faces and to understand whether there is a classical background for the chiral anomaly. In 
the covariantized theory there will be the possibility to avoid the Fermi 4-fermion interaction 
in a covariant way as said in Section VII. 
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